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SOLVING NONLINEAR SINGLE-FACILITY
NETWORK LOCATION PROBLEMS

JOHN HOOKER

Carnegie-Mellon University, Pittsburgh, Pennsylvania
(Received December 1984, revisions received May, October 1985, January 1986; accepted February 1986)

We present a general approach to solving nonlinear single-facility network location problems. We assume that cost is
any convex function of distances, and solve this class of problem by solving convex subproblems on “treelike segments”
into which the network is decomposed. We show that only a fraction of treelike segments generally need be examined,
and that our method results in a reasonably efficient general-purpose algorithm. The algorithm is particularly effective
on real-world (as opposed to random) networks, and when the cost function is nondecreasing and “semiseparable,” as
are many popular cost functions. Finally, we describe theoretical complexity bounds and computational experience.

Network location models have the advantage that
their reticular structure fits a large number of
applications and is relatively easy to conceptualize.
But they have hitherto had the disadvantage that
solution algorithms have been devised only for prob-
lems with linear or a few specific nonlinear cost func-
tions. Furthermore, each type of cost function has
required a different algorithm. No unified approach
to the solution of nonlinear network location prob-
lems has been proposed.

Our purpose is to present such a unified approach
to the solution of single-facility network location
problems. We will describe a reasonably efficient
all-purpose algorithm that solves single-facility prob-
lems in which cost is any convex function of distances.
This category includes all problems for which algo-
rithms already exist. The algorithm, unlike its prede-
cessors, also accommodates a wide variety of side
constraints. Its execution time is a low order polyno-
mial function of problem size, and computational
experience suggests it can comfortably solve problems
on real-world networks of two or three hundred arcs.

Although the algorithm assumes a convex cost func-
tion, this is not a serious limitation. Levy (1967) and
Handler and Mirchandani (1979) have shown that, if
cost is a concave and additively separable function of
distances, there must be an optimal location at a node.
Thus single-facility concave problems do not need a
solution algorithm in any nontrivial sense, because
one can solve them simply by examining the nodes.
It appears that the great majority of cost functions
likely to arise in practice are either convex or else
concave and additively separable. If so, our algorithm
should be adequate for the great majority of applica-
tions that require a nontrivial algorithm.

Subject classification: 185, 481 location on networks
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There are potentially a large variety of location
problems that admit nonlinear models. Two impor-
tant nonlinear problems—minimization of nonlinear
transport costs and maximization of accessibility—
generally call for concave, additively separable cost
functions and thus do not require our algorithm. But
we have described elsewhere (1984, 1985) a wide
variety of convex, nonlinear cost functions that are
potentially useful and for which a solution algorithm
now exists. Many are appropriate to public-sector
contexts, since equity-sensitive cost functions tend to
be convex and nonlinear. Location problems for ob-
noxious facilities (e.g., toxic waste dumps, pollution
control facilities, nuclear power plants), which arise in
both public and private sector settings, also generally
have convex cost functions. The well-known 1-center,
1-median cent-dian problems have convex cost func-
tions. Our algorithm is also useful for accommodating
complicated side constraints in problems that were
previously soluble only without them.

Our general approach is to exploit the fact that
location problems are easier to solve on trees than on
general networks. This ease of solution traces mainly
to the convexity (in a sense to be defined) of the
distance function on trees. Fortunately, there is a
simple way to decompose any network into “treelike
segments” on which the distance function is likewise
convex, and in fact linear. We solve location problems
on general networks by solving convex subproblems
on these treelike segments. Since the number of seg-
ments grows with the cube of the number of nodes (in
the worst case), we show how to avoid solving sub-
problems on all but a fraction of the segments. The
result is a reasonably efficient all-purpose algorithm.

We begin in Section 1 with a statement of the

0030-364X/86/3405-0732 $01.25
© 1986 Operations Research Society of America

This content downloaded from 128.2.27.86 on Sun, 19 Jul 2020 18:52:41 UTC
All use subject to https://about.jstor.org/terms



Solving Nonlinear Single-Facility Network Location Problems | 733

problem and a review of its history. Section 2 develops
the notion of a treelike segment. Section 3 shows how
to solve location problems by solving convex sub-
problems on treelike segments. The next two sections
describe how this basic algorithm can be improved:
Section 4 indicates how to eliminate entire arcs, with-
out solving subproblems on them, with an upper
bounding technique based on the convexity of the cost
function; and Section 5 proves the surprising fact that
if each convex subproblem is solved on a shortest-
path tree rooted at a treelike segment, rather than just
on the segment itself, several other treelike segments
can be eliminated in the process. This result is based
on the premise that the cost function is nondecreasing
and “semiseparable” as well as convex. It and the
upper-bounding technique are incorporated in an im-
proved algorithm. Section 6 describes the large class
of popular cost functions that are nondecreasing and
semiseparable. Section 7 indicates how the algorithm
can be modified slightly to accommodate side con-
straints. Section 8 determines worst-case complexity
of the algorithm, and Section 9 reports computational
experience with a FORTRAN implementation.

1. The Problem and Its History

Let G be the set of points on a network, and let V' =
fvi, ..., v,} be the set of nodes. Consider the arcs
(vi, v;) to be rectifiable, and for any x, y € G, let
d(x, y) be the distance from x to y along any shortest
path from x to y. We wish to solve the problem

min z(x) =f(d(x, vy),...,dx,v,)), XEDCG, (1)

with objective function z: D — R and convex cost
functionf: R" — R.

The unconstrained case of problem (1) (i.e., D = G)
has been solved for certain cost functions f. Hakimi
(1964, 1965) solved the I-median problem, for which
fis a linear function f(d,, ..., d,) = X/, w; d; with
each w; = 0, as well as the I-center problem, for which
fis the weighted maximum function f(d,, ..., d,) =
max;{w; d;} and each w; = 0. Goldman and Dearing
(1975), Church and Garfinkel (1978) and Minieka
(1983) solved obnoxious-facility 1-median and
1-center problems, for which each w; < 0. Halpern
(1976, 1978, 1980) solved the cent-dian problem, in
which fis a convex combination of the 1-median and
l1-center cost functions. Shier and Dearing (1983)
provided necessary and sufficient conditions for local
optima when the cost function is an L, norm of
distances (1 < p < «). Most of their results can be
extended to other cost functions, but they describe no

method for enumerating local optima so as to find a
global optimum.

Single-facility (as well as p-facility) problems are
generally easier to solve on trees. Goldman (1971)
efficiently solved the I-median problem, Handler
(1973) the unweighted 1-center problem, and Dearing
and Francis (1974) the weighted 1-center problem
(with addends) on trees. Also, Dearing (1977), Francis
(1977), and Tansel et al. (1982) have solved on trees
the nonlinear 1-center problem, whose cost function
has the form f(d,, ..., d,) = max;{g.(d;)}.

The relative ease of solving location problems on
trees traces largely to the fact that the distance function
d(-, x): G —> R is convex on G for all x € G if and
only if G is a tree. Dearing, Francis and Lowe (1976)
proved this result. For any x, ¥y € G they define
L.(x, y) to be the set of w € G that satisfy d(x, y) =
d(x, w) + dw, y) and d(x, w) = ad(x, y). The
line segment L(x, y) from x to y is the union of
L.(x,y)overall « € [0, 1]. A set D C G is convex if
L(x,y) C Dforall x, y € D. A function z: D —» R is
convex on a convex set D if z(w) < (1 — a)z(x) +
az(y) for all w € L.(x, y), all « € [0, 1], and
allye D.

Theorem 1. (Dearing, Francis and Lowe). The func-
tion d(-, x): G — R is convex for all x € G if and only
if G is a tree.

This result is useful for the following reason. Let
f:D C R" — R be nondecreasing if d! = d, for all i
implies f(d{, ...,d:))=fd,,...,d,)forall(d,...,
d,), (di,...,d}) € R" Itis easy to show that:

Lemmal. Ify,, ..., y, € G and d(-, x) is convex on
G for each x € G, then for any convex, nondecreasing
f+ R" — R, the function z: G — R given by z(x) =
fldx, y), ..., dx, y,)) is convex.

Also,

Lemma 2. (Dearing, Francis and Lowe). Ifz: D — R
is convex on D C G, a local minimum of z is a global
minimum.

Thus if G is a tree, D is convex, and the cost func-
tion f'is convex and nondecreasing, then any locally
optimal solution of (1) is globally optimal. A local
optimum can readily be found, if by no other method,
simply by “homing in” ‘on it—by moving x along G
in a direction that diminishes z(x) until no such
direction can be found (Handler and Mirchandani,
p. 180).
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734 / HOOKER

2. Treelike Segments

The key to solving location problems on general
networks is to decompose the networks into “tree-
like segments.” We first define the notion of a
“treelike set” and later use it to define a treelike
segment, which is essentially its closure.

We say that points x, y on an arc “belong to the
same treelike set” if the shortest paths to any node
from x are the same as those from y, except for any
portion of the paths lying between x and y. In Figure
1, for instance, x, and x, belong to the same treelike
set, but x», x3 and x, belong to three distinct treelike
sets. It is clear that in a tree, any two points interior
to an arc lie in the same treelike set, whence the name
“treelike set.”

These ideas can be made precise as follows. Given
arc A = (u, w) connecting nodes u and w, and given
points x, y € A4, let A(x, y) denote the portion of 4
strictly between x and y, and let A[x, y] denote the
closure of A(x, y). Let b(x, y) be the length of A[x, y],
with b = b(u, w). Then X, y € A(u, w) belong to the
same treelike set if for every v; € V,

L(x, v;) — Alx, y] = L(y, v)) — A[x, y]. ()

It is evident from Figure 1 that if we define di(x) =
b(u, x) + d(u, v;) and d/(x) = b — b(u, x) + d(w, v;),
then

d(x, v;)) = min{d(x), d{ ()}, 3)

and similarly for y. If di(x) < d} (x), the shortest paths
from x to v; all contain node u; if d (x) < di(x), they
contain w; if di(x) = d/(x), they contain both u and
w. If we set s; = Y2[d(w, v;) — d(u, v;) + b], the first
case is equivalent to b(u, x) < s;, the second case to
b(u, x) > s;, and the third case to b(u, x) = s;. It is
straightforward to show the following lemma.

Figure 1. Illustration of treelike sets.

Lemma 3. Given arc A from u to w, let the nodes of a
network be numbered so that s, ..., s, is a non-
decreasing sequence. Then points x, y € A(u, w) belong
to the same treelike set if and only if one of the
following holds:

8 = b(u, x) = b(u, y)
Jorsome jE{1,...,n}, 4)
(in which case x = y), or
5 < b(u, x) < 8§41 and 5, < b(u, y) < i1,
forsome jE{l,...,n—1}. (5

Proof. Suppose first that (4) or (5) holds. Since (4)
implies x = y, the lemma is trivially true. Thus it
remains to show that (5) implies (2) for all v; € V.
If i < j, we have from (5) and the previous remarks
that all shortest paths from both x and y to v; contain
w, so that (2) follows. A similar argument applies for
i>].

We now suppose that (2) holds for all i and wish to
show that either (4) or (5) holds. Since 0 < b(u, x) <
b and s, ranges from zero (e.g., when v; = w) to b
(when v; = u), the following cases are exhaustive.

Case I. b(u, x) is s; for some i € {1, ..., n}. Here, u,
w € L(x, v;), so that by (2) u, w € L(y, v;) as well.
Thus b(u, y) = s; and (4) follows.

Case IL. 5; < b(u, x) < s;4, for some i € {1, ...,
n — 1}. Here, all shortest paths from x to v; contain
w, and all from x to v;;, contain u. The former
statement and (2) imply that all shortest paths from y
to v; contain w, so that s5; < b(u, y). By similar
reasoning, the latter statement implies b(u, y) < Si41,
and (5) follows.

The relation of belonging to the same treelike set is
obviously reflexive and symmetric; Lemma 3 estab-
lishes its transitivity. It is thus an equivalence relation
and partitions the interior of any arc into treelike sets.
The following result is corollary of Lemma 3.

Corollary 1. Let s5 ..., S+ be the distinct s;'s in
Lemma 3, in nondecreasing order, where 0 < m <
n— 2. Let zy, ..., Zm+1 be the points of A(u, w)
satisfying b(u, z;) = s/ fori =0, ..., m + 1. Then
the treelike sets in A(u, w) are the singletons {z;} for
i=1,..., mand the open intervals A(z;, ziv\) for
i=0,...,m

We now define a treelike segment to be the closure
of any open treelike set. Figure 1, for instance, con-
tains six treelike segments, bounded by the nodes and
the three heavy tick marks. In general, we have from
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Corollary 1:

Corollary 2. The treelike segments on an arc A =
A[u, w] consist of at least one and at most n — 1
adjacent closed intervals jointly covering A, with
boundaries at zo, . . . , Zm+1 (as defined in Corollary 1).

3. Basic Solution Algorithm

We can now solve the unconstrained version of (1) by
minimizing z(x) on each treelike segment S and se-
lecting the smallest minimum. That is, we solve
(6) for each treelike segment S = A[x,, x>].

min Z(x) =f(d(-xs Ul)’ LI} d(x’ Un))- (6)
X€ES
To see why these subproblems are relatively easy to

solve, we need the following lemma, which is easily
proved.

Lemma 4. Let g: R — R" be given by g(t) = (g:(t),

.., &:(1), where each g, is linear, and let f: R* — R
be convex. Then h: R — R, given by h(t) = f(g(t)), is
convex.

We next define 4: [0, b] — R by
h(d(ua J’)) =f(d(.V, vl)a L) d(y’ vn)) (7)

for any y € A. Solving (6) is clearly equivalent to
solving the line search problem,

minimize{A(z)}
subject to b(u, x\) < t < b(u, x,). 8)

Problem (8) in turn is relatively easy to solve because
of the following lemma.

Lemma 5. Function h in (8) is convex on [b(u, x,),
b(u, x,)).

Proof. Suppose again that the nodes are ordered so

that sy, ..., s, is a nondecreasing sequence. Then, by
Lemma 3 and (3), we have for some j € {1, ..., n},
Sy, vy, ..., dy,v.)

=f(du,v))+¢,...,du v)+1¢
dw,vie)+b—1t,...,dw,v,)+b—1t). (9)

provided y € A[x,, x,]. Thus the arguments of fin (7)
are linear functions of ¢. From this result and the
convexity of f ' we infer by Lemma 4 that 4 is convex
on [b(u, x,), b(u, x5)].

We now present an algorithm for solving (1). It
incorporates a simple technique that permits one to
exclude the facility from certain parts of the network.

One can exclude the facility from any arc by consid-
ering that arc as “infeasible” and passing over it in
Step 1 of the algorithm. Also, one can exclude the
facility from an open interval within an arc by insert-
ing a node at either end of the interval and regarding
the new arc between the nodes as infeasible. We
postpone discussion of more complicated side con-
straints to Section 7.

Step 0. Set the treelike segment counter k to zero.

Step 1. Choose any unexamined feasible arc 4 =

Alu, w] of G; if none remain, go to Step 3.
Compute d(u, v;) and d(w, v;) for i =
1, ..., n, and use the results to compute
S1, ..., Sy. Sort these in nondecreasing order
and determine s¢, ..., S,+ SO as to locate
the treelike segments on A[u, w] as described
in Corollary 2.

Step 2. For each treelike segment A[x;, x;] on A4, let
k =k + 1 and find a solution ¢* of the convex
line search problem (8); denote the corre-
sponding point on 4 by x¥. When all the
segments of A are enumerated, go to Step 1.

Step 3. Any x} such that z(x}) = minq«fz(x})}
solves (1).

4. Improvement with an Upper Bounding
Technique

It is generally possible to improve substantially the
solution method of the previous section by using an
upper bounding technique. The idea is simply to
eliminate any arc on which we know that the objective
function z(x) cannot achieve a value lower than a
previously established upper bound on its optimal
value. We show in this section how to proceed when
f'is differentiable or is the weighted maximum func-
tion. The method must be adapted to other nondiffer-
entiable functions on a case-by-case basis.

When a treelike segment is examined, we obtain a
locally optimal point x¥, as in Section 3. Let z,;, be
the minimum value of z(x¥) over all treelike segments
k examined so far. Thus z,, is an upper bound on
the global minimum of z(x). When a new arc 4 =
[u, w] is considered, we attempt to show as follows
that z(x) = zn, for all x € A4, so that 4 may be
eliminated.

First, let d; = d(u, v;) and d} = d(w, v;) for i = 1,
..., n. When f'is differentiable, we let fi(d,, ..., d,)
be df/dd; evaluated at (d,, ..., d,) and appeal to the
following result.

Lemma 6. Let fin (1) be differentiable, and let x € A
= A[u, w), with t = b(u, x). If vy, . .., v, are the nodes
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v; satisfying s; < b = b(u, w) on arc A, then

2(x) = z(u) — ta, (10)
where

a=§|ﬁ<d....,dn)|— Y fild,. .., dn). (11)

i=m+1

Proof. Note that for any x € A, there is a shortest
path fromv;,, i=m+ 1, ..., n, to x that contains u.
Thus d(x, v;)=d;+tfori=m+1,..., n. Also
d(x, v;) = d; — t; for some t;,, i = 1, ..., m, where
—t<t; <t Thus

Z(X) =f(d(xs U|), ) d(X, U,,))
=fldi—t,...,dn—tmydmr1 +1,...,d+1). (12)
But since fis convex and differentiable, we have for
any vector d, f(d + Ad) = f(d) + Vf(d) - Ad. Thus

fldi—t,....,dp—=tm,dper +1,...,ds+1)

>f(d.,...,d,,)—zt,-ﬁ(d.,...,d,,)

+t Y fid,...,d)

i=m+1

>f(dla'”sdn)_l‘gl |f;(dl,adn)l

+t Y fld,...,d).

i=m+1

The last inequality follows from the fact that —¢ <
t; < t. This result and (12) imply (10).

When [ is the weighted maximum function,
f(d|, ey dn) = max,»{wid,-} and each w; =2 0, we
appeal to an analogous result.

Lemma 7. Let [ in (1) be the weighted maximum

Sfunction, and let x, A, t and vy, ..., v, be as in
Lemma 6. Then (10) holds when

_Jow if Ilsjsm,
a—{—wj if m+1<j<n, (13)

where w;d; = max,<i< {wid;}.

Proof. It is clear that
max{ max[wi(d; —t)], max [wid;+ t)]}
Isism m+1<isn

s{w,»a}—tw,- if I1<sjsm, (14)

widi+tw;, if m+1sjsn

Also,

2(x) = max {wid(x, v)}

< max{ max [wi(d; — t)], n}ax [wi(d; + t)]}.

Isism

This result and (14) imply (10).

The following theorem provides a lower bound z,
for z(x) on A. If zp = znin, we eliminate 4 from
consideration.

Theorem 2. Let f in (1) either be differentiable or be
the weighted maximum function. Let x lie on arc A =
Alu, wl, with t = b(u, x), and let vy, ..., v, be the
nodes v; satisfying s; < b on arc A. Let a be given by
(11) or (13), and let a’ be given by the same formula,
with d] replacing d; fori= 1, ..., n. Then

2(x) = z,

z(u) = [z(u) — z(w) + a’bla/(a + a’)
= if a,a’ >0 (15)

min{z(u), z(w)} otherwise. (16)

Proof. By Lemmas 6 and 7, we have that z(x) =
z(u) — ta and z(x) = z(w) — (b — t)a’. These lower
bounds describe two lines above which z(x) must
lie, as in Figure 2, where A(¢) is as defined by (6). If g,
a’ > 0, then z(x) is everywhere bounded below by z,
if the lines intersect at (fo, zo). Setting z(u) — tya =
z(w) — (b — t)a’, we get ty = [z(u) — z(w) + ba’l/
(a + a’). Since zo = z(u) — ta, (15) immediately
follows. If a < 0 or a’ < 0, then (16) obviously holds.

z(x) = h(t)
z(u) z(w)
2w - ta—{—" ~z(w) - (b-t)a
Zo
0 b

t

Figure 2. A lower bound for z(x) on an arc.
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5. A Further Improvement for Nondecreasing,
Semiseparable Problems

We now describe a second improvement of the basic
algorithm. It applies whenever the cost function fis
nondecreasing and “semiseparable” as well as convex.
Semiseparability is a weakening of additive separa-
bility and is defined as follows. For any permutation
m of nelements, let (X1, . . ., Xu) =S (Xeqtys « - - 5 Xn(w)-
Let 1, and 0, be vectors of n ones and n zeros,
respectively. Then define f/: D € R” — R to be semi-
separable if for all permutations 7 of # elements,

fx+ Ax,y+ 1, 2)
= f.(x+ al; + Ax, p, 2) (17)
implies f,(x, y + al,, 2) = f.(x + aly, y, 2),

for all x, Ax € R*, all y € R, all z € R* and all
integers s, £, u = O with s + ¢t + u = n, where a = 0
and Ax = 0,, and all the arguments of f, remain in D.
In Section 6 we will describe the large class of useful
cost functions that are semiseparable.

If S is a treelike segment on network G, let 7(.S) be
any shortest-path tree rooted at S. That is, T(S) is a
spanning tree of G containing .S and for any x € S,
the path in 7(S) from x to any v; € V is a shortest
path in G from x to v;. Given T = T(S), let d” be the
distance function on 7°(.S).

Our strategy is to solve each convex subproblem on
T(S) rather than just on S, since this approach may
allow us to eliminate some treelike segments. That is,
instead of solving (6), we solve

Igi_(l})zr(x) =f(dT(xa Ul)9 ML dT(x9 U,,)). (18)

Since fis nondecreasing, Lemma 1 applies that z7 is
indeed convex. The key to elimination lies in the
following theorem.

Theorem 3. Let z be defined as in (1), with f non-
decreasing and semiseparable. Let S be a treelike
segment of network G, and let x; solve (18). Then z(y)
is nondecreasing as y moves along the path of T(S)
from x; to and including S.

Proof. It suffices to show that z is nondecreasing on
every treelike segment on the path of 7(S) from x; to
and including S. Let A[y,, )] be any interval con-
tained in any such segment, with y, closer to S in
T(S) and y, closer to x,. It suffices to show that
z(y1) = z(y,) (Figure 3).

5 Yi Y2

Figure 3. Illustration of Theorem 3.

We first write
ZT(,VZ) =f(dT(J’2, Vi) vovs dT(yz, Un))
=f{i, ..., dy), (19)

setting d7 = d*(y,, v;) for brevity. Cut T(S) at y, and
let v, . .., vx be the nodes in the part of T(.S) contain-
ing S (excluding y, if y, is a node). Then we have

z'(ym)
=f(le—'A,...,dZ_A,dl{+l
+A,...,dT+A), (20)

where A is the length of A[y,, y»]. Note that d7(y,, v;)
=d(y,, v;) and d"(y,, v;) = d(y», v;) for i =k + 1,
..., n. Thus we can write

Z(.Vz) =f(d(J/2, Ul)7 ) d(yz, vn))
=f(di,...,d,d}lY,,...,dY), (21)

where d; = d(y,, v)).
Now, since f'is nondecreasing, z is convex on 7(.S).
Thus since x, minimizes z” on 7(.S), we have

z'(y) = 27(1). (22)

This result, (19) and (20) imply,

fdi—a, ...,di = A d, + A ..., d+ 4)
=fdl, ..., d}). (23)

But since d; < d7 for all i, and fis semiseparable, (23)

implies

fldi—A...,d—=Ad 4+ A, ...,dI+4)
=f(di,...,d,d},,,...,dY). (24)

Since y; and ), lie in a single treelike segment, it is
clear that for i =1, ..., k, d(yi, v;) = d(», v)) £ A,
so that d(y, v;) = d; — A, for some A, < A, and
therefore

z(y) = f(dy — Ay, ..., die — A,

T+ A .., dE+A). (25)
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But since f'is nondecreasing, we have from (24) that

fldi=Ar, ... di— Ay dlia + A, ..., dT + A)
=fld,...,d,db, ..., d}).

This result, (21) and (25) imply that z(y,) = z()»), as
desired.

The utility of Theorem 3 is that finding the solution
X, of the location problem on T(.S) immediately elim-
inates all treelike segments that lie wholly on the path
in T(S) from Xx, to and including S, for no point in
any of these segments can be superior to x,. Further-
more, finding x; is a relatively easy task because, as
remarked in Section 1, the single-facility problem is
easily solved on a tree when the cost function is convex
and nondecreasing, as it is here. Thus one can solve
(1) by selecting uneliminated treelike segments .S and
solving the single-facility problem on 77(S); if the
solution Xx; is in S, it is recorded as the kth candidate
x¥ for a globally optimal location on G, and § is
eliminated; if x; is elsewhere, S and all the segments
between S and x, are eliminated. Any location x}
satisfying z(x}) = min,«<{z( x})}is a global optimum.

The following algorithm incorporates th basic algo-
rithm (Section 3) and the two improvements (Sections
4 and 5), using either where applicable. For conveni-
ence we say that Technique 1 is the upper bounding
technique of Section 4 and Technique 2 is the elimi-
nation technique described in this section.

The algorithm is written so as to solve (18) in two
stages: it first identifies on which arc 4, = A[i, W] the
solution x; lies and then locates x; on 4,. It does the
latter by solving a line search problem similar to (8),
namely,

minimize {A7(¢)},

subject to 0 < ¢ < b(il, W) = b. (26)
In this formulation, 4” is defined by

R'(d"(@, y) = f(d"(y,v1), ..., d"(p, v2)). (27)

We can cut 7(S) at the center of 4;and let vy, ..., v;
be the nodes in the half of T(S) containing i. Then
we have an analogue of (9),

f@ v, ...,d"(y, va))
=fd(@v)+t,...,d" @, v)+1,
d" W, v)+b—1t,...,d" (W) +b—1), (28)

so that the arguments of f'in (27) are linear functions
of t. Thus we can argue as in the proof of Lemma 5
that 47 is convex on [0, 5].

Like the basic algorithm of Section 3, the algo-

rithm below permits one to exclude the facility from
certain arcs or intervals within arcs. In the latter case,
a node is inserted at either end of each excluded
interval, so as to create an arc. Each excluded arc is
regarded as “infeasible” and passed over in Step 1 of
the algorithm.

Step 0. Set the relative minimum counter k to zero
and let z,;, = oo.

Step 1. Choose any uneliminated feasible arc 4; =
A[u, w] of G; if none remain, go to Step 11.
Compute d; = d(u, v;) and d] = d(w, v;) for
i=1,...,n, and record the location in G of the
corresponding shortest-path trees, which we may
call T(u) and T(w), respectively. If a list L; of the
treelike segments of A4; has already been made,
go to Step 4. Otherwise compute s; = Y2[d] — d; +
b(u, w)] for i = 1, ..., n. If Technique 1 is not
used, go to Step 3.

Step 2. Compute z, for A4; as described in Theorem 2.
If Zp = Zuin, eliminate 4; and go to Step 1.

Step 3. Sort sy, ..., S, in nondecreasing order so as
to determine the boundaries s§ ..., $/4+1 of 4/’s
treelike segments (Corollary 1). Let L; be a list of
the segments.

Step 4. Pick a treelike segment S from L;; if none
remain, eliminate 4; and go to Step 1. Use T'()
and T(w) and d;, d/ for i = 1, ..., n to locate a
shortest-path tree 7(.S) in G rooted at S.

Step 5. If not using Technique 2, determine whether
the point x; that solves (6) lies on 4;; if so, let / = j
and go to Step 8; if not, remove S from L; and go
to Step 4. If using Technique 2, find the arc 4, =
Al#, w] on which the solution x; of (18) lies. Do so
by following a path along which z7(y) decreases,
starting with 4;, until x, is bracketed on an arc 4,.
Eliminate all arcs (if any) in 7(S) between 4; and
Ay, excluding 4; and 4,. If j = ], go to Step 8.

Step 6. Remove from L; the segments of 4; that lie
between S and 4, on 7(S), including S.

Step 7. Compute d = d(ii, v;) and d! = d(W, v;) for
i =1, ..., n, and compute §; = '/z[c?{ -ad +
b(ii, w)]. Perform Step 2 with 4, replacing 4;, and
branch to Step 1 if zy = Znin. If 2y < Zin, perform
Step 3 with 4, and §; replacing 4; and s;, resulting
in list L/.

Step 8. Find the point x; on 4,. Do so by solving (26)
if using Technique 2, and by solving (8) otherwise.
If [ # j, go to Step 10.

Step 9. If x, € S, set k =k + 1, x} = X;, and zpin =
min{zmin, z(x¥)}, remove S from L;, and go to Step
4. Otherwise do the following. If not using Tech-
nique 2, remove .S from L; and go to Step 4. If using
Technique 2, remove from L, the segments of 4;

This content downloaded from 128.2.27.86 on Sun, 19 Jul 2020 18:52:41 UTC
All use subject to https://about.jstor.org/terms



Solving Nonlinear Single-Facility Network Location Problems | 739

that lie between x; and S, including .S but excluding
the segment containing x;. Then go to Step 4.

Step 10. Remove from L, the segments of A4, (if any)
that lie between x; and S in 7(S), excluding the
segment containing x;,. Go to Step 4.

Step 11. Any x* for which z(x}) = min,q<iz(x})}
solves (1).

6. Semiseparable Functions

In this section, we state without proof several proper-
ties of semiseparable functions that we demonstrate
elsewhere (1984, 1985). The intent is to show that a
large class of useful convex cost functions are non-
decreasing and semiseparable and hence satisfy the
conditions of Theorem 3.

Although convex combinations of semiseparable
functions are not in general semiseparable, convex
combinations of “strongly” semiseparable functions
are strongly semiseparable. Let R"* be the set of all
points (x, ..., X,) € R" satisfying x; = 0 for i =
I, ..., n. We say that f: R"* — R is strongly semi-
separable if, for all permutations =, the function

Lx+B8Ax,y+al, 2)—fix+als+B8AX,y,2)  (29)

1s nonincreasing with respect to 8 = 0 for all x, Ax €
R** y€ R, z € R"*, and all integers s, ¢, u = 0 with
s+t + u=n, where « = 0. It is clear that strongly
semiseparable functions are semiseparable.

Let f%(z; v) denote the generalized directional deriv-
ative of f/: D C R"™ — R with respect to vector
v € R" (as defined in Clarke 1975). It is possible to
show that f is strongly semiseparable if for any per-
mutation =, f%x, y, z; l;, —1,, 0,) is nondecreasing
with respect to each x;, j =1, ..., s, for all x € R**,
Y € R, z € R"*, and all integers s, ¢, u = 0 with
s+ t + u = n. This result implies that the unweighted
maximum function defined on R"*, as well as any
convex twice-differentiable function on R"* whose
Hessian is a diagonally dominant matrix throughout
R"™, is strongly semiseparable. Since the Hessian of
an additively separable function is a diagonal and
hence a diagonally dominant matrix, any convex
additively separable function on R"* is strongly
semiseparable.

Several well-known location problems have convex,
nondecreasing and semiseparable cost functions. The
I-median and weighted 1-center problems have cost
functions that are respectively linear and weighted
maximum functions and are therefore semiseparable,
as well as convex and nondecreasing. Cent-dian prob-
lems in which cost is a convex combination of a linear
and an unweighted maximum function, both strongly

semiseparable, have strongly semiseparable, convex
and nondecreasing cost functions. This convex com-
bination is not in general semiseparable, however, if
the maximum function is weighted, since the latter is
not strongly semiseparable. Problems in which cost is
an L, norm of distances with p = 1 (such as the center
of gravity problem, with p = 2) can be solved by
minimizing the p-th power of cost, which is strongly
semiseparable (as well as convex and nondecreasing)
because it is additively separable.

7. Side Constraints

Suppose that a solution x € G of (1) must satisfy a set
of constraints of the form

gldx,v),...,dx,v.)=0, k=1,...,K. (30)

We solve (1) as before, except that (6) or (18) must be
solved with constraints (30). The line search problem
(8) must therefore be solved with the additional
constraints,

gdu,v)+1t,...,du,v)+t,
dw,vi)+b—1t,...,dwuv,)+b—1)=0,
k=1,...,K, (31

where the nodes are indexed as for (9). Similarly, the
line search problem (26) (used with Technique 2) must
be solved with the additional constraints,

gd (@) +¢,...,d"a,v) +1,
d"OW,v)+b—1t,...,d"Oh,v))+b—1)=0,
k=1,...,K, (32)

where the nodes are indexed as for (28).

If each g, in (30) is convex, the region satisfying
(31) or (32) is convex and is therefore a (possibly
empty) subinterval of [b(u, x,), b(u, x,)] or [0, b],
respectively. Thus if the constraint functions are con-
vex, (2) can still be solved via the solution of line
search problems, each of which is a nonlinear program
with a convex feasible region and convex objective
function in one variable.

8. Worst-Case Performance

In this section we determine the worst-case perform-
ance of the algorithm of Section 5. We first establish
an upper bound on the order of its complexity, and
we then show that the upper bound can be achieved
in at least one instance.

Suppose we are to solve the unconstrained version
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of (2) (i.e., D = G) on a network of » nodes and m
arcs. In the worst case we try to eliminate segments
using Techniques 1 and 2, and eliminate none. Thus
we solve (18) for every treelike segment S. By Corol-
lary 2, there are at most m(n — 1) = O(mn) such
segments.

The complexity of finding x; on T(S) can be ana-
lyzed as follows. Since no segments are eliminated, x;
must lie on either the arc 4 containing S or on an
adjacent arc. (The latter is possible if the path from x;
to S does not contain an entire treelike segment of A4
or the arc on which x; lies.) Since z7 is convex on
T(S), to determine on which arc x; lies requires at
most that z” be evaluated twice (to determine whether
z" is increasing or decreasing) at either end of the n —
1 or fewer arcs incident to a node of A4, for a total of
O(n) function evaluations. If we are given a shortest-
path tree rooted as S, each evaluation of z7(y) requires
computation of 7 =d"(y,v,)fori=1,..., n, atask
of complexity O(n) (as shown in Hooker 1984), and
evaluation of f(d7, . . ., dT). Thus if the evaluation of
fdr, ..., dT) has complexity O(g(n)), the evaluation
of z7(y) is O(n + g(n)). Finding x, on the arc contain-
ing it can be done at worst by bisection search. This
computation requires that z7(y) be evaluated a num-
ber of times that is a logarithmic function of the ratio
of the arc length to the desired precision and is there-
fore independent of n and m. Thus the complexity of
finding x; on T'(S) is O(n(n + g(n))).

If Technique 2 is not used, one solves (6) rather
than (18). Since no arcs other than A4 are involved, the
complexity is O(n + g(n)).

Finally, computing shortest-path trees at either end
of an arc has complexity of O(n?) using, say, the
Dijkstra (1959) algorithm. So the total complexity of
computing m shortest-path trees is O(mn?). (If all
shortest paths are computed in advance, the complex-
ity is of lower order, but more storage is required for
the n X n array of distances.) The complexity of the
sorting operation in Step 3 and the upper bound test
for Technique 1 is dominated by that of computing
shortest-path trees.

Since there are at most O(mn) segments on which
to solve the subproblems of complexity of at most
O(n(n + g(n))) or O(n + g(n)), we have proved the
following result.

Lemma 8. If the complexity of evaluating [ at one
point is g(n), the complexity of the algorithm of Sec-
tion 5 is no more than O(mn* + mn*(n + g(n))) =
O(mn*(n + g(n))) if Technigque 2 is used and no
more than O(mn* + mn(n + g(n))) = O(mn(n + g(n)))
otherwise.

In the common case of g(n) = O(n), the complexity
bounds are simply O(mn®) with Technique 2 and
O(mn?) without.

We now exhibit a problem, which we call Problem
W, in which the bounds of Lemma 8 are achieved.
Let Problem W be set on a complete network Gy of
n nodes and m = 'Y2n(n — 1) arcs. List the arcs
e, ..., eyinany order and let the length b, of arc ¢, be
2™ + 2!, where M is large. Let the objective function
z be the median function, with each node assigned a
weight of one.

Lemma 9. If M = m — 1, network Gu has m(n — 1)
treelike segments.

Proof. Let b; = b(v;, v;) be the length of arc (v;, v)),
and let d; = d(v;, v;). Recall from Corollary 2 that
node v, generates a segment boundary on the interior
Of(U,', l)j) ifo< Sie < b[j, where Sk = l/Z[djk —dix + b,j],
or equivalently,

=byj < dy — di < by (33)

Note that b; < by + by, for all i, j, k, so that d; = b,,.
Thus since —b; < by — by < b;; for all distinct i, j, k,
(33) holds for all distinct i, j, k. Thus the interior of
every arc (v;, v;) contains a ssgment boundary for each
Uk # U;, Uy Since by — by is different for every k #
i, J, di — di is different for every k and all n — 2 seg-
ment boundaries on (v;, v;) are distinct. Thus Gy has
m(n — 1) treelike segments.

We have proved the following lemmas elsewhere
(Hooker 1984, Lemmas 2.13, 2.14).

Lemma 10. For sufficiently large M, Technique 1
eliminates no arcs in problem W.

Lemma 11. For sufficiently large M, the segments of
Gw can be enumerated in such a way that Technique
2 eliminates none of them in problem W.

From Lemma 9, we know that for sufficiently large
M, Gw has m(n — 1) treelike segments, and from
Lemmas 10 and 11, we know that all the segments .S
of Gy must be enumerated. Since the median on each
T(S) lies at one of the nodes incident to the arc 4
containing S, it is necessary to evaluate z” on each of
the n — 1 arcs incident to this node, so as to establish
that z’(y) is in fact nondecreasing as y moves away
from the node in every direction. Again, finding a
median on any 7'(S) has complexity O(n(n + g(n))).
If Technique 2 is not used, solving (6) on S again has
complexity O(n + g(n)). We have proved the following
result.
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Theorem 4. The complexity bounds of Lemma 8 can
be achieved.

Although the use of Technique 2 increases worst-
case complexity, we will see in the next section that
its use in fact reduces computation time on the several
random and real-world networks on which it has been
tested.

9. Computational Experience

A FORTRAN implementation of the algorithm of
Section 5 was tested for efficiency both on random
networks and on actual highway, rail and waterway
networks. This section reports the results.

All testing was carried out on a DECsystem-10
computer running under the TOPS-10 monitor. The
FORTRAN code was compiled by Version 6 of the
FORTRAN-10 compiler. The code is a research code
written for flexibility rather than efficiency. Note that
CPU times are in seconds.

The computer program was first tested on random
networks, generated as follows. The size of the network
was set at » nodes and m arcs; m numbers uniformly

distributed between zero and 10 were then randomly
assigned positions in the upper triangle of an n X n
distance matrix (diagonal excluded). These repre-
sented the arcs and their lengths, If the arcs covered
fewer than n nodes, or if the network was discon-
nected, it was discarded and another generated.
Finally, weights uniformly distributed between zero
and one were assigned to the nodes.

Table I displays the performance of the computer
code on ten random networks. In the top half of the
table the cost function is the center-of-gravity func-
tion, given by f(d,, ..., d,) = ¥, w; d?, with each
w; = 0. In the bottom half, the objective function is a
cent-dian function in which the l-center compo-
nent is given “corrected” weight 8 = yzX/[vz¥ +
(1 — y)z%] = ‘A, z¥ and z¥* are the optimal values
of the 1-center and 1-median functions on the network
in question, and v is the actual weight given the
1-center component. Since typically z}¥ > z¥ B is
a much better indication of the relative importance
of the two components than .

There is reason to believe that Technique 1, at least,
would be more effective on real-world networks. An
arc near the periphery of a network is generally more

Table 1
Computational Results from 10 Random Networks

Number . . Percent of Segments Examined and CPU Seconds,
of Basic Algorithm Usigng Elimination Technique
Network ' Treelike No. 1 Only No. 2 Only Nos. 1 and 2
Nodes Arcs CPU
Segments % CPU % CPU % CPU
Center of Gravity
1 20 40 270 4 80 3 62 3 55 3
2 40 80 846 21 77 17 59 16 44 12
3 60 120 1845 73 71 54 46 43 30 29
4 80 160 3153 176 70 128 46 100 31 68
5 100 200 3972 265 48 140 45 167 25 105
6 40 60 384 11 63 7 53 9 37 7
7 40 80 846 21 77 17 59 16 44 12
8 40 120 1276 33 85 29 44 23 40 21
9 40 160 2521 61 87 54 50 38 44 34
10 40 200 3366 144 92 77 49 49 44 45
Cent-Dian
1 20 40 270 4 76 3 69 3 51 3
2 40 80 846 20 59 13 60 16 34 10
3 60 120 1845 71 32 28 45 43 14 17
4 80 160 3153 207 51 118 42 98 17 48
5 100 200 3972 263 54 158 45 164 21 93
6 40 60 384 11 47 7 51 10 21 6
7 40 80 846 20 59 13 60 16 34 10
8 40 120 1276 36 74 28 50 26 41 23
9 40 160 2521 66 83 57 52 43 44 37
10 40 200 3366 89 81 69 53 54 47 48
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Table II
Computational Results for 2 Rail, 2 Waterway and 3. U.S. Interstate Highway Networks

Number

Percent of Segments Examined and CPU Seconds,

of Basic Algorithm Using Elimination Technique
Networks® Nod A Treelike CPU No. 1 Only No. 2 Only Nos. 1 and 2
odes " Scgments % CPU % CPU % CPU
Center of Gravity
1 116 122 196 29 89 29 21 17 21 17
2 66 72 128 9 66 7 44 6 33 6
3 130 162 447 70 11 33 85 65 8 32
4 55 69 155 7 76 7 43 6 39 6
5 109 152 878 99 21 49 65 84 13 45
6 175 280 2186 350 17 142 50 265 8 123
7 276 432 4264 —* — — — — 6 414
Cent-Dian
1 116 122 196 30 22 21 46 22 21 17
2 66 72 128 9 32 6 52 7 17 5
3 130 162 447 63 18 34 86 60 17 34
4 55 69 155 7 77 6 40 6 33 6
5 109 152 878 96 19 44 68 79 12 41
6 175 280 2196 329 15 127 53 250 9 121
7 276 432 4264 —_ _ —_ —_ — 7 395

2 The networks are: 1, Denver and Rio Grande Western Railroad; 2, Duluth, Missabe and Iron Range Railway; 3, U.S. coastal
merchant marine shipping lanes; 4, Great Lakes shipping lanes; 5, U.S. Interstate highways west of the Mississippi (except Alaska and
Hawaii), including cities along the Mississippi (except New Orleans); 6, U.S. Interstate highways east of the Mississippi, including cities
along the Mississippi; and) 7, U.S. Interstate highways in the continental 48 states.

> Computation omitted because of excess CPU time.

likely to be eliminated than one nearer the middle of
a network. Random networks, unlike most actual
networks, have no clear periphery.

Table II confirms this expectation. The railroad arc
lengths are impedances based on travel distance and
railroad class (Peterson 1984). The waterway arc
lengths are travel distances. All nodes receive equal

weight in the rail and waterway networks. The Inter-
state Highway networks are taken from a road atlas
(Rand McNally 1984). The arc lengths are travel
distances, and each node is weighted by the population
of the city (if any) at which it is located. Since they
may be of interest, the solutions of the Interstate
Highway problems are displayed in Table III.

Table 111
Center of Gravity and Cent-Dians for 3 U.S. Interstate Highway Networks
Network Center of Gravity Cent-Dians
1. U.S. west of Las Cruces, NM (intersection of I-10 and I-25, 0 < 8 < 0.25 (median): Las Cruces, NM
the Mississippi 12 miles north of El Paso, TX, on I-25) 0.25 < 8 < 0.33; Denver, CO

2. U.S. east of the

Mississippi 79 miles east of Columbus on I-70)

3. The continental
48 states

St. Louis, Mo

Cambridge, OH (intersection of I-70 and I-77,

0.33 < 8 < 1 (center): 12.5 miles east of Denver
on I-70

0 < 8 =< 0.08 (median): Harrisburg, PA

0.08 =< 3 =< 0.14: Washington, PA (25 miles south of
Pittsburgh)

0.14 < 8 < 0.64: Cambridge, OH

0.64 < 3 < 0.94: 28.5 miles south of Cambridge, OH,
toward Charleston, WV, on I-77

0.94 < 3 < 1 (center): 48.5 miles north of Charleston,
WYV, toward Pittsburgh on I-79

0 < 8 =< 0.12 (median): Indianapolis, IN

0.12 < 8 < 0.20: intersection of I-57, and I-70, 80
miles SE of Springfield, IL, 138 miles west of
Indianapolis toward St. Louis on I-70

0.20 < B8 < 0.39: St. Louis, MO

0.39 < 8 < 0.46: Topeka, KS

0.46 < B < 1 (center): 38.5 miles east of Salina, KS,
on I-70
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