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Abstract

In recent years, decision diagrams (DDs) have proved to be an effective tool for
constraint programming and discrete optimization. They provide a compact and
transparent representation of feasible solutions but can nonetheless grow rapidly
with problem size. This paper develops the concept of a nonserial DD, as a means
to representing the feasible set with a much smaller data structure when there is
limited coupling between problem variables. It presents a top-down compilation
algorithm for nonserial DDs, with examples, based on a dynamic programming
model of the problem. It also presents node merger and node splitting algorithms
for creating relaxed DDs. It generalizes to nonserial DDs a classical uniqueness
theorem for reduced (minimum size) DDs, as well as sufficient conditions for
the validity of node merger operations. Controlled experiments with set packing
and 0–1 programming instances indicate that nonserial DDs can be orders of
magnitude smaller than traditional serial DDs that encode the same feasible set,
when the degree of variable coupling (induced width) is sufficiently small. The
paper concludes with a suggestion that nonserial DDs could serve as the default
for DD-based methods, rather than serial DDs.

Keywords: nonserial decision diagrams, BDDs, nonserial dynamic programming,
induced width, constraint programming, discrete optimization

1 Introduction

Decision diagrams have a long history in computer science [1, 20, 59, 60]. In more recent
years, they have emerged as a powerful tool for discrete optimization and constraint
programming as well [2, 6, 33–35]. They now form the basis for general-purpose solvers
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[13, 32–34, 45] as well as for such specific tasks as cutting plane generation [5, 6, 27, 55],
constraint progagation [2, 36, 38], problem relaxation [2, 10, 11], primal heuristics [12],
global constraint processing [23, 48–50, 58], and postoptimality analysis [34, 35, 37, 52].
They also provide network flow formulations of combinatorial constraints that can be
embedded in a larger mixed integer programming or other type of model [8, 18, 21,
41, 43, 44, 46, 51]. Much of this work is surveyed in [12, 22].

One of the attractions of decision diagrams (DDs) is their ability to represent a
large feasible set transparently and yet compactly. Despite this advantage, however,
DDs tend in practice to grow rapidly with the number of problem variables. This
obstacle can occasionally be overcome by using a reduced (minimum size) DD, as
in [20, 39], but reduced DDs can be very large and difficult to compute in the
context of optimization and constraint solving. For this reason, DD-based solution
methods often rely on much smaller relaxed DDs, a practice introduced in [2]. Relaxed
DDs can accelerate search, obtain optimization bounds, or enable stronger constraint
propagation even though they only approximate the feasible set.

This paper explores the possibility that even an exact DD-based representation
can sometimes be dramatically reduced in size by exploiting dependency relations
between variables. The basic strategy for doing so is actually quite old, having been
employed as early as the 1960s in nonserial dynamic programming [14–17, 19]. It has
subsequently been developed more or less independently in the contexts of Bayesian
networks [42], belief logics [53, 54], pseudoboolean optimization [26], location theory
[24], k-trees [3, 4], and bucket elimination [28–30]. The close relationship between
dynamic programming and DDs suggests that DDs might benefit from a similar
strategy [39]. In particular, since the state transition graph of a conventional dynamic
programming model is a special case of a DD, the analogous graph for a nonserial
dynamic programming model can be regarded as a nonserial decision diagram. This
idea is briefly introduced and illustrated in [39].

The present study builds on [39] by presenting an elementary theory of nonserial
DDs and examining their growth rate empirically. It conjectures that nonserial DDs
can provide a far more compact encoding of solutions than traditional serial DDs when
variables are loosely coupled; that is, a given variable occurs in common constraints
with only a few other variables. More compact DDs would bring larger problem
instances within the capabilities of DD-based methods for constraint propagation,
global constraint processing, postoptimality analysis, and flow-based formulations.
Even methods that rely on relaxed DDs would benefit from smaller exact DDs,
because relaxation could become unnecessary, or provide tighter bounds because less
approximation would be required to obtain a DD of manageable size.

The contributions of the paper are the following:

• A general definition of nonserial DDs and related concepts, along with examples,
without reference to the state space structure of nonserial dynamic programming
(Section 2).

• An algorithm for top-down compilation of a nonserial DD representing a given
feasible set, based on a dynamic programming model of the problem (Section 3).
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• A proof of the existence of a unique reduced nonserial DD representing a given
feasible set (for a fixed variable ordering), thus generalizing a fundamental
property of serial DDs [20] (Section 4).

• Node-merger and node-splitting algorithms for top-down compilation of relaxed
DDs, thus enabling the application of nonserial DDs to methods that rely on
relaxed DDs (Sections 5 and 6).

• Sufficient conditions for the validity of a state merger operation for relaxation of
nonserial DDs (Section 5).

• Controlled experiments that compare the size of serial and nonserial DDs for
various degrees of variable coupling (as measured by the induced width of the
primal graph), using set packing and 0–1 programming instances (Sections 7
and 8).

The experiments confirm that nonserial DDs can indeed be orders of magnitude smaller
than equivalent serial DDs when the induced width is sufficiently small. Based on
these results, a concluding section of the paper discusses the potential usefulness of
nonserial DDs for optimization and constraint solving.

2 Basic Definitions

The concepts and notation related to nonserial DDs are best introduced in the context
of an example. Consider a set packing problem in which the objective to select a
maximum subcollection of the sets below so that no two of them have common
elements:

Eac = {A, C }
Ecd = { C,D}
Eab = {A,B }
Ec = { C }
Ea = {A }
Ebd = { B, D}

(1)

The unique optimal solution is the subcollection {Ec, Ea, Ebd}. If we let 0–1 variable
xi = 1 when Ei is included in the subcollection, the problem can be written{

max
∑
i

xi

∣∣∣∣∣ xi + xj ≤ 1, all i, j with i 6= j, Ei ∩ Ej 6= ∅
}

(2)

The optimal solution is (xac, xcd, xab, xc, xa, xbd) = (0, 0, 0, 1, 1, 1).
In general, we address problems in the form{

max
∑
i∈I

fi(xi)

∣∣∣∣∣ x[Ik] ∈ Xk, all k ∈ K
}

(3)

where each x[Ik] is a tuple of discrete variables xi for i ∈ Ik ⊆ I. Thus, for each k ∈ K,
we have a constraint x[Ik] ∈ Xk whose satisfaction depends only on the variables in
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x[Ik]. In the example, fi(xi) = xi, and each x[Ik] is a pair of variables corresponding
to a pair of overlapping sets. For instance, when x[Ik] is the pair (xac, xcd), we have
the constraint (xac, xcd) ∈ {(0, 0), (0, 1), (1, 0)}, which enforces xac + xcd ≤ 1. The
feasible set of (3) is the set of tuples x = (x1, . . . , xn) that satisfy the constraints.
The objective function

∑
i fi(xi) measures the benefit of a given solution; if one is

minimizing rather than maximizing, it can be regarded as measuring cost.1

The structure of a nonserial DD depends on how the constraints couple variables.
This is indicated by the primal graph (or primal constraint graph), in which each
vertex corresponds to a variable, and edges connect variables that occur in a common
constraint. The primal graph for the example problem appears in Fig. 1(a). To check
the feasibility of a given solution x = (x1, . . . , xn), it suffices to examine the feasibility
of the xis sequentially in reverse order, based on the values of later variables in the
ordering. This is accomplished by building the induced graph [28], shown in Fig. 1(b).
It is constructed by removing vertices from the primal graph one at a time, in reverse
order. For each xi removed, all remaining vertices adjacent to xi are connected with
induced edges (unless they are already connected). The induced graph consists of the
primal graph augmented by the induced edges. The example problem generates only
one induced edge, the dashed edge in Fig. 1(b). The orientation of edges in the induced
graph reflects the variable ordering.

xc xac xab

xcd xbd xa

(a)

xc xac xab

xcd xbd xa

(b)

xac

xcd

xab

xbd xa

xc

(c)

Fig. 1: (a) Primal graph for a set packing problem. (b) Corresponding induced graph,
which contains one induced edge (dashed). (c) Corresponding dependency tree.

The maximum in-degree of vertices in an induced graph is the induced width of
the primal graph with respect to a given ordering. Since the complexity of dynamic
programming is at most exponential in the induced width, it is advantageous to use
an ordering that that results in the minimum induced width, known as the treewidth.
However, since finding the minimum induced width is an NP-hard problem, we will

1We assume here that the objective function is separable. Decision diagrams can be developed for
nonseparable objective functions as described in [39], and this approach can be extended to nonserial DDs,
but to simplify exposition we leave this task to another occasion.
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approximate it by ordering the variables by nonincreasing degree in the primal graph,
as in the set packing example.

We now convert the primal graph to a dependency tree2 that will determine the
overall structure of any associated nonserial DD. The dependency tree for the set
packing problem is shown in Fig. 1(c). In general, the vertices of a dependency tree
correspond to variables xi, where xi is a parent of xj if and only if there is a directed
arc from xi to xj in the induced graph, and no other directed path from xi to xj .
Then the subtree rooted at each xi contains the variables to which there is a directed
path from xi in the induced graph. The feasibility of any given value of xi depends
only on the values of variables in this subtree.

A nonserial DD that represents the set packing example appears in Fig. 2(a). The
nodes are grouped into layers (encircled in the figure) that correspond to variables,
and the arrangement of layers reflects the arrangement of vertices in the dependency
tree. There are also terminal nodes, indicated t in the figure. The dashed arc leaving
the topmost node in Fig. 2(a) is a 0-arc that indicates the assignment xac = 0, and
the solid arc is a 1-arc that indicates xac = 1. These arcs terminate in the child
layer corresponding to xcd. Note that 0-arcs extend from each node in layer xcd to
nodes in both child layers, and similarly for 1-arcs leaving the leftmost node. Every
feasible solution of the set packing problem is represented by a subtree of the DD
that extends from the root node to all terminal nodes. For example, the feasible
solution (xac, xcd, xab, xc, xa, xbd) = (0, 1, 0, 0, 1, 0) is represented by the heavy arcs
in Fig. 2(a).

xac

xcd

xab xc

t

xbd xa

t t

(a)

xac 3

xcd 3 0

xab 2 1 0 xc1 0

0 t

xbd 1 0 xa1 0

t0 t0

(b)

Fig. 2: (a) Nonserial DD for a set packing problem, with a feasible solution shown in
bold. (b) Nonserial DD with benefits-to-go, and the optimal solution shown in bold.

2actually an arborescence, since the root is designated.
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In general, a nonserial DD associated with a given problem (3) consists of a
collection of terminal and nonterminal layers. Each nonterminal layer i corresponds to
a vertex xi of the dependency tree. Its child layers correspond to the children of xi in
the dependency tree, or if there are no children, the sole child layer of i is a terminal
layer. If the dependency tree consists of a single path, the corresponding DD is a serial
DD, and is otherwise nonserial. Every layer of the DD contains one or more nodes,
and in particular, the layer corresponding to the root of the dependency tree contains
a single root node, and each terminal layer consists of a single terminal node. Every
node in a given nonterminal layer is connected by a 0-arc and/or 1-arc to a node in
each child layer. Thus, if there are any 0-arcs leaving a node, then 0-arcs must connect
that node to exactly one node in every child layer, and similarly for 1-arcs.

A solution subtree of the DD is a subtree that contains the root node and all
terminal nodes, and in which the arcs leaving any given nonterminal node are either
all 1-arcs or all 0-arcs. A given solution subtree represents a solution in which xi = 0
when 0-arcs of the subtree leave the xi layer, and similarly for xi = 1. A nonserial
DD represents the feasible set of (3) when its solution subtrees correspond exactly to
feasible solutions of (3). We will refer to such a DD as exact, to distinguish it from
relaxed DDs to be discussed later. The DD of Fig. 2(a) is an exact representation of
the feasible set of the set packing example.

A weighted nonserial DD can represent the objective function
∑
i fi(xi) of (3) by

attaching a benefit fi(0) to every 0-arc and fi(1) to every 1-arc leaving the xi layer for
each i. When one is minimizing, the benefits become costs. In the example, fi(0) = 0
and fi(1) = 1 for all i. The heavy arcs in Fig. 2(a) indicate a solution tree with a
benefit of 2. Note that the benefit can be smaller than the number of solid arcs in the
solution tree, since multiple solid arcs can represent the value of the same variable.

A weighted DD allows an optimal solution to be computed recursively in a manner
similar to nonserial dynamic programming. If u is a node in nonterminal layer i and
j is a child layer of i, let φj0(u) be the node reached by the 0-arc extending from u to
layer j, and φj1(u) the node reached by the 1-arc to layer j. If no 0-arc leaves u, we
set φj0(u) = d, where d is a dummy node, and similarly for φj1(u). Let J(i) be the set
of child layers of layer i. We associate a benefit-to-go g(u) with each node u in each
layer i, defined recursively by a nonserial Bellman’s equation:

g(u) = max

fi(0) +
∑
j∈J(i)

g
(
φj0(u)

)
, fi(1) +

∑
j∈J(i)

g
(
φj1(u)

) (4)

for a nonterminal node u and g(t) = 0 for any terminal node t, and where g(d) = −∞.
The optimal value of the problem is g(r), where r is the root node. The benefits-to-go
for the example problem are shown in Fig. 2(b) as small numbers next to nodes.

An optimal solution can be recovered in a top-down pass through the DD. While
computing the recursion (4) we keep track of an optimal choice x∗i (u) of xi at each
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node u in each nonterminal layer i:

x∗i (u) = argmax
xi∈{0,1}

fi(xi) +
∑
j∈J(i)

g
(
φjxi(u)

)
Now we can trace an optimal subtree from the root downwards simply by following the
optimal arcs away from each node we reach. Let π(j) be the parent of layer j in the
dependency tree. If layer 1 of the DD consists of the root node r, an optimal subtree of
the DD contains every terminal node and node u∗j in each nonterminal layer j, where

u∗j = φjx∗
π(j)

(
u∗π(j)

)
for j > 1, and u∗1 = r. The optimal subtree for the example problem is shown as heavy
arcs in Fig. 2(b).

3 Top-Down Compilation

A nonserial DD can be readily compiled top-down when a problem is formulated
recursively. One need only create a state transition graph for the corresponding
dynamic programming model. Nodes of the DD are associated with states, and arcs
represent state transitions. A state transition function ψi defines a transition from
state S to state ψi(S, xi) when control xi is applied in that state. At a given node
in layer i associated with state S, each feasible control xi generates an arc to a node
associated with state ψi(S, xi) in each child layer j (or to a terminal node if the child
is a terminal layer). The nodes in a nonterminal layer j therefore correspond to states
that are generated by transitions from layer i. Since the state transition function ψ
is not indexed by the child layer j, all the nonterminal child layers of a given layer i
contain the same states.

In the set packing example, the state S at a given node can be defined as a the set
of elements in sets Ei so far selected. The state transition function is

ψi(S, xi) =

{
S, if xi = 0
S ∪ Ei, if xi = 1 and S ∩ Ei = ∅

The resulting nonserial DD appears in Fig. 3. The root node is associated with an
initial state ∅ because no sets Ei have been selected at this pont. The control xac = 0
creates a dashed arc leading to state ψac(∅, 0) = ∅. The control xac = 1 selects the
set Eac and therefore creates a solid arc leading to state ψac(∅, 1) = {A,C} (indicated
AC in the figure for brevity). In the xcd layer, the control xcd = 0 creates arcs from ∅
to state ∅ in the two child layers, and the control xcd = 1 creates arcs to state {C,D}.
There is no solid arc leaving state {A,C} because control xcd = 1 is infeasible in state
{A,C}, due to its overlap with Ecd. The process continues in this fashion until the
nodes in the leaf layers (corresponding to xc, xbd, and xa) are connected to terminal
nodes. Typically, a nonterminal node receives arcs from several nodes in the parent
layer, although this does not occur in the present example.

7



xac ∅
3

xcd ∅3 AC1

xab ∅2 CD1 AC1 xc∅1 CD
0

AC
0

t

xbd ∅1 AB0 CD0 ABCD0 AC1 xa∅1 AB
0

CD
1

ABCD
0

AC
0

t t
Fig. 3: Top-down compilation of a nonserial DD for the set packing example, showing
benefits-to-go, and the optimal solution in bold.

Top-down compilation is formally described in Algorithm 1. The algorithm treats
nonterminal layer i of the DD as a set Li of states, since every node in the layer is
associated with a different state. Thus a new node is created whenever a state is added
to Li. The procedure expandLayer(i, Li) recursively generates all nodes that can
be reached from the nodes in layer i. The notation Xi(S) refers to the set of feasible
controls xi in state S. The process begins by creating a root node in layer 1 that is
associated with an initial state Sinit. In the set packing example, Sinit = ∅.

The benefit associated with a feasible control xi is fi(xi), which in the example is
given by fi(xi) = xi for all i. Benefits-to-go can be computed as in the previous section
and are shown in Fig. 3 as small numbers next to the nodes. The optimal solution is
indicated with heavy arcs.

A nonserial DD compiled on the basis of state transitions is not necessarily the
smallest DD that represents a given problem. For example, the DD of Fig. 3 contains
22 nodes, while a DD representing the same problem is displayed in Fig. 2 and contains
only 15 nodes. We will see in the next section that the latter is the smallest possible
nonserial DD that represents the problem, for the specified variable ordering.

4 Reduced Nonserial DDs

Like classical DDs, a given nonserial DD can be equivalent to a smaller DD, in the
sense that both DDs represent the same set of solutions. In fact, for a given variable
ordering, there is a unique equivalent DD of minimum size, again as in the classical
case.
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Algorithm 1 Top-down compilation of a nonserial DD.

L1 ← {Sinit}
expandLayer(1, L1)
procedure expandLayer(i,Li)

if J(i) consists of a terminal layer then
Create a terminal node t
for all S ∈ Li do

for all xi ∈ Xi(S) do
Create an xi-arc from S to t

end for
end for

else
for all j ∈ J(i) do

Lj ← ∅
for all S ∈ Li do

for all xi ∈ Xi(S) do
S′ ← ψi(S, xi)
if S′ 6∈ Lj then Lj ← Lj ∪ {S′}
Create an xi-arc from S to S′

end for
end for
expandLayer(j, Lj)

end for
end if
return

end procedure

This can be illustrated by the set packing problem. Figure 4(a) shows the nonserial
DD of Fig. 3 without states, which are longer relevant. Isomorphic sub-DDs rooted at
two different nodes of the same layer can be superimposed, because they define the
same set of assignments to the variables they contain. The identification of isomorphic
sub-DDs can proceed by starting at the terminal nodes and working upwards.

For example, the first and last nodes of layer xbd are roots of isomorphic sub-DDs
and can therefore be superimposed. The same holds for the three middle nodes. This
results in layer xbd of the DD of Fig. 4(b), which is reproduced from Fig. 2(a). The arcs
incoming to this layer originate at the same nodes as in the original DD. Layers xa an
xc can be similarly compressed. At this point one can check for isomorphic sub-DDs
in the parent layers of xbd, xa, and xc. Since there are none, the DD of Fig. 4(b) is
reduced. We will see that there is a unique reduced nonserial DD that represents any
given problem, for a fixed variable variable ordering, which is also the smallest such
DD.

In general, a nonserial DD D(u) is a sub-DD of D at node u in D if D(u) consists
of u and all arcs and nodes of D that can be reached from u via downward paths.
Two nonserial DDs D and D′ are isomorphic when there is a bijection between their
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xac

xcd

xab xc

xbd xa

(a)

xac

xcd

xab xc

xbd xa

(b)

Fig. 4: (a) Nonserial DD for a set packing problem. (b) Reduced equivalent DD.

nodes that preserves successor nodes. To make this precise, let `(u) be the layer of D
containing node u, and let `′(u) be similarly defined for a node u in D′. Let φ and φ′

be the successor functions of D and D′, respectively. Then D and D′ are isomorphic
when there is a bijection σ from the nodes of D to the nodes of D′ such that for any
pair of nodes u, v of D,

φ`(v)δ(u) = v if and only if φ′`′(σ(v))δ

(
σ(u)

)
= σ(v), for δ = 0, 1 (5)

A nonserial DD is reduced when the sub-DDs rooted at no two nodes in the same layer
are isomorphic.3

We say that xi is a significant variable for a given problem P if it affects feasibility;
that is, there is some feasible solution x that becomes infeasible when xi is flipped to
1 − xi. The significant frontier of P consists of the significant variables that have no
significant ancestors in the dependency tree. The significant frontier of a nonserial DD
representing P consists of the layers corresponding to the significant frontier of the
dependency tree, plus terminal nodes that have no significant ancestors. The prefix of
the DD is the portion of the DD containing the signicant frontier and all its ancestral
layers (Fig 5).

Theorem 1 For a given problem P and variable ordering x1, . . . , xn, there is a unique
reduced nonserial DD that represents P . Furthermore, the reduced DD is the smallest
nonserial DD that represents P .

Proof We first note that every layer i in the prefix of a reduced DD must consist of a
single node ui. For if some layer i contains two nodes, the sub-DDs rooted at the two

3Traditional serial DDs are frequently defined to allow long arcs, which are arcs that skip over one or
more layers. Under this definition, a reduced DD cannot contain a pair of nodes connected by both a 0-arc
and a 1-arc. We do not consider long arcs in the present study, since they apparently have never been shown
to be useful for optimization.

10



x1

x2 x3

x4

x5
x6

t t t

Fig. 5: Significance frontier (black nodes) and prefix (black and gray nodes) of a
nonserial DD.

nodes must be isomorphic, because they represent the same feasible set due to the
insignificance of variables above the significant frontier. Furthermore, every parent-
child pair of nodes in the prefix must be connected by a 0-arc and a 1-arc. For if there
is only a 0-arc (or only a 1-arc) from a node ui to a child node, then xi is significant,
and the child node is not part of the prefix. These observations imply that the prefix
of a reduced DD representing P is uniquely determined.

We now show that any pair of reduced DDs D, D′ that represent P must be
isomorphic. By the above argument, D and D′ have the same prefix. It suffices to show
that for any node u in the significant frontier of D, the sub-DDs D(u) and D′(u′) are
isomorphic, where u′ is the node in D′ corresponding to u. The proof is by induction
on the number k of significant variables in P . The claim is clearly true for k = 0,
since in this case the significant frontier consists of the terminal nodes, and D and D′

are identical by the above argument. Thus we show that if the claim holds for every
problem with fewer than k > 0 significant variables, it holds when a problem has k
significant variables.

We therefore suppose that problem P has k > 0 significant variables. If u is a
terminal node, D(u) and D′(u′) are trivially isomorphic, because u′ is also a terminal
node. So we suppose that u is a node in a layer i that belongs to the significant frontier
of D. If xi can take only a single value at u, say 0, then xi must take value 0 at node
u′, since otherwise D and D′ represent different feasible sets. Let vj for each j ∈ J(i)
be the node in layer j of D, or a terminal node if J(i) is empty, to which a 0-arc
is extended from ui, and let v′j for j ∈ J(i) be the analogous node in D′. Since the
sub-DDs D(vj) and D′(v′j) represent the same set of solutions and have fewer than k
significant variables, the induction hypothesis implies that they are isomorphic. The
same argument applies if xi takes the value 1 at u. It follows that D(u) and D′(u′)
are isomorphic when xi can take only a single value.

It remains to consider the case in which xi can be either 0 or 1 at node u. The
proof for this case is similar to the uniqueness proof for reduced serial DDs [20]. For
each j ∈ J(i), let vj0 be the node of layer j (or terminal node) to which a 0-arc is
extended in D, and vj1 the node to which a 1-arc is extended, with analogous nodes
v′j0 and v′j1 in D′. By the induction hypothesis, D(vj0) and D(v′j0) are isomorphic for
each j ∈ Ji, as are D(vj1) and D(v′j1). Let σ0 and σ1 be bijections that establish the
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two isomorphisms, respectively. We will show that D(u) and D′(u′) are isomorphic by
defining a bijection σ from D(u) to D′(u′):

σ(w) =

 u′ if w = u
σ0(w) if w ∈ D(vj0)
σ1(w) if w ∈ D(vj1)

 , all w ∈ D(u)

We first note that σ is well defined when w belongs to both D(vj0) and D(vj1). In
this case, D(σ0(w)) and D(σ1(w)) must both be isomorphic to D(w) and therefore
to each other. Since D′ is reduced and therefore contains no isomorphic sub-DDs, we
must have σ0(w) = σ1(w). Also σ is 1–1 because if σ(w1) = σ(w2) for w1 6= w2, then
D(w1) and D(w2) must be isomorphic to each other because both are isomorphic to
D′(σ(w1)). This cannot occur because D is reduced. Thus σ is a bijection, because
it is clearly onto by virtue of its definition. Finally, σ satisfies (5) because σ0 and σ1

satisfy it. This establishes the isomorphism of D(u) and D(u′), as claimed.
Finally, we note that a reduced nonserial diagram D representing P is the smallest

DD that represents P . Since D is the unique reduced DD representing P , it suffices
to show that any nonreduced diagram D′ representing P is not the smallest DD that
represents P . But since D′ is nonreduced, it contains two nodes u, u′ in some layer for
which D(u) is isomorphic to D(u′). Then u′ can be removed from D′, and all arcs into
u′ diverted to u, without changing the solutions D′ represents. D′ therefore cannot be
the smallest DD representing P . �

5 Relaxation by Node Merger

Even reduced nonserial DDs can grow rapidly with the size of a problem instance,
and tend to do so in practice. For this reason, DD-based optimization normally relies
on much smaller relaxed DDs that represent a superset of the set of feasible solutions.
Relaxed DDs provide bounds on the optimal value, which can be used to prune
the search tree in branch-and-bound searches, and well as to evaluate the quality of
heuristic solutions.

DDs can be relaxed by node merger or node splitting, both introduced for serial
DDs in [2]. This section describes node merger for nonserial DDs, and the next section
node splitting. Node merger is a process of merging certain nodes during top-down
compilation of a DD so as to reduce the size of the DD without excluding feasible
solutions. Like the construction of an exact DD, it is based on states associated with
nodes of the DD. The main result of the section states sufficient conditions under
which a state merger operation results in a valid relaxation. The result is important
for node splitting as well, because it relies partially on state merger operations.

The set packing example can illustrate the merger process as follows. Suppose we
wish to obtain a relaxed nonserial DD with width no greater than 2, where the width
of the DD is the maximum number of nodes in a layer. As top-down compilation
proceeds (Fig. 3), the xab and xc layers already contain too many nodes. One way
to reduce the number of nodes is to merge nodes CD and AC in both layers. We can
define the state of the resulting node to be the intersection {C} of states {C,D} and
{A,C}, as we will see that this does not exclude any feasible solutions. The new node
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C receives all the arcs that previously led to nodes CD and AC, resulting in the xab
and xc layers of Fig. 6(a).

∅xac

∅ ACxcd

∅ Cxab ∅ C xc

t

∅ C AB ABCxbd ∅ C AB ABC xa

(a)

∅xac

∅ ACxcd

∅ Cxab ∅ C xc

t

∅ ABxbd ∅ C xa

t t
(b)

Fig. 6: (a) Portion of relaxed nonserial DD before node merger in the xbd and xa
layers. (b) Relaxed DD of width 2 after merger. Heavy arcs indicate one of several
optimal solutions.

At this point, the xbd and xa layers are generated in the usual fashion, but based
on the states of the new parent nodes ∅ and C. These states have no meaning in the
original problem, but are only a device for generating subsequent layers of the relaxed
DD. The resulting xbd layer of Fig. 6(a) can be reduced to 2 nodes by merging (for
example) nodes ∅ and C to produce node ∅, and merging AB and ABC to produce
AB, as in Fig. 6(b). If desired, mergers in the xa layer can follow a different scheme,
as shown.

The resulting relaxed DD of Fig. 6(b) represents 24 solutions, while the exact DD
represents 15. The relaxed DD therefore represents 9 infeasible solutions in addition
to all feasible solutions. An optimal solution xac = xab = xa = 1 of the relaxed DD is
shown by heavy arcs, and it is indeed infeasible because the chosen sets overlap. Yet
its value of 3 is a valid upper bound on the optimal value of the original problem. This
particular relaxation happens to deliver a sharp bound, because the original problem
also has optimal value 3.

A formal statement of the compilation procedure appears as Algorithm 2. The
algorithm generates all states in a given layer before it begins merging states, to allow
a more comprehensive assessment of which states to merge. Effective heuristics have
been developed for selecting states to merge, as described in [10, 13, 31, 47] and
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elsewhere. When two states S1, S2 are merged, the algorithm directs their incoming
arcs to S′ = S1⊕S2, which may already exist in the layer. It keeps a list Parents(S′, xi)
of parent nodes attached to existing xi-arcs into S′ to avoid duplicating arcs and
accelerate the process.

The set packing example uses set intersection as a state merger operation. In
general, a merger operation is valid if it yields a relaxed DD. Sufficient conditions for
validity were developed for serial DDs in [40], and we show as follows that they hold
for nonserial DDs as well. Let Xi(S) be the set of feasible controls xi in state S, and
let fi(S, xi) be the benefit of control xi at state S in layer i. A state S′ relaxes state S
if it allows no fewer controls and provides no less benefit. That is, a state S′ in layer i
relaxes state S in layer i if Xi(S

′) ⊇ Xi(S) and fi(S
′, xi) ≥ fi(S, xi) for all xi ∈ Xi(S).

Theorem 2 A merger operation ⊕ is valid for relaxed nonserial DDs generated with
a given state transition function ψ if for any two states S1, S2 in any layer i,

(a) S1 ⊕ S2 relaxes both S1 and S2.
(b) If S2 relaxes S1, then ψi(S2, xi) relaxes ψi(S1, xi) for any xi ∈ Xi(S1).

Proof For a given problem P and transition function ψ, let D be the nonserial diagram
generated for P by top down compilation, and let D′ be any relaxed DD generated
for P by top down compilation and node merger using operation ⊕. We wish to show
that every solution represented by D is also represented by D′.

We require the following definitions. For a given node u in D or D′, let S(u) be
the state associated with node u during compilation. For a given path P from the root
node to a node u, we say that i ∈ P when P contains a node vi (other than its last
node) in layer i. Then P assigns values to xi for all i ∈ P . Also the benefit f(P ) of P
is
∑
i∈P fi(S(vi), xi). For a given rooted subtree4 T of the dependency tree, we define

a portion D(T ) of D as follows. Suppose that the compilation of D has proceeded to
the point that all nodes in layers corresponding to vertices of T have been generated.
Then D(T ) consists of these nodes and their immediate successor nodes in D. The
same definition applies to D′(T ), with the understanding that the nodes in the leaf
layers of D′(T ) have not yet been merged. We regard terminal nodes of D(T ) or D′(T )
as belonging to leaf layers.

We wish to show that any assignment to (x1, . . . , xn) represented by D is also
represented by D′. For this it suffices to show the following claim H(T ) by induction
for each rooted subtree T of the dependency tree:

H(T ) Consider any path P from the root to a leaf node u of D(T ), and suppose u
belongs to layer j (possibly a terminal layer). Then D′(T ) contains a path P ′

from the root to a node u′ in layer j of D′(T ) that makes the same variable
assignments as P . Furthermore, f(P ) ≤ f(P ′), and state S(u′) relaxes state S(u).

This implies the theorem when T is the complete dependency tree of D, since in this
case D(T ) = D and D′(T ) = D′. To show H(T ) by induction, we first show it is
true when T consists of the root only. Let r be the root node of D, and r′ the root

4A rooted subtree is a subtree that contains the root.
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Algorithm 2 Top-down compilation of a relaxed nonserial DD with node merger.

L1 ← {Sinit}
expandLayer(1, L1)
procedure expandLayer(i,Li)

if J(i) consists of a terminal layer then
Create a terminal node t
for all S ∈ Li do

for all xi ∈ Xi(S) do
Create an xi-arc from S to t

end for
end for

else
for all j ∈ J(i) do

Lj ← ∅
for all S ∈ Li do

for all xi ∈ Xi(S) do
S′ ← ψi(S, xi)
if S′ 6∈ Lj then Lj ← Lj ∪ {S′}, Parents(S′, xi)← ∅
Create an xi-arc from S to S′

Parents(S′, xi)← Parents(S′, xi) ∪ {S}
end for

end for
while |Lj | > MaxWidth do

Select a pair of states S1, S2 ∈ Lj for merger
S′ ← S1 ⊕ S2.
for all xi ∈ {0, 1} do

if S′ 6∈ Lj then Lj ← Lj ∪ {S′}, Parents(S′, xi)← ∅
for all S ∈ Parents(S1, xi) ∪ Parents(S2, xi) do

if S 6∈ Parents(S′, xi) then
Create an xi-arc from S to S′

Parents(S′, xi)← Parents(S′, xi) ∪ {S}
end if

end for
end for
Remove S1, S2 from Lj and delete their incoming arcs

end while
expandLayer(j, Lj)

end for
end if
return

end procedure
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node of D′. Let x1 be any feasible control at r, and let P consist of the resulting arc
from r to a node u in some child layer j. Since S(r) = S(r′), the control x1 is feasible
at r′, and we let S′ = ψ1(S(r), x1). Layer j of D′(T ) contains a node v whose state
S(v) is the merger of S′ with zero or other states in that layer. The path P ′ from r′

to v obviously makes the same assignment to x1 as P , and so f(P ) = f(P ′). Also,
condition (a) implies that S(v) relaxes S(u).

We now suppose that H(T ) is true for all rooted subtrees T of a given rooted
subtree T , and show on that basis that H(T ) is true. Consider a path P to a leaf node

ū in layer j of D(T ). We must show that D′(T ) contains a path P
′

to some node ū′ in
layer j that represents the same assignments as P (Fig. 7). We must also show that

f(P ) ≤ f(P
′
) and that S(ū′) relaxes S(ū).

r r r

u
u′ v

P P ′ P ′

xi xi

ū ū′xj xj

P P
′

Merge
nodes

Fig. 7: Illustration of proof of Theorem 2.

Let layer i be the parent layer of j, let P be the portion of P down to layer i, and
let u be the node of layer i that lies on the path. If T is the subtree that remains after
deleting layer j from T , then T is a subtree of T . Then by virtue of the induction
hypothesis H(T ), D′(T ) contains a path P ′ to a node u′ in layer j that assigns the
same values as P . D′(T ) is formed by merging certain nodes in layer i of D′(T ) and
generating arcs from the resulting nodes to child layers of i, including layer j. Thus
node u′ is merged with zero or more other nodes to form a node v. If xi is the control
that generates an arc from u to ū, then xi is a feasible control in state S(v). This is
because S(v) relaxes S(u′) by condition (b), and S(u′) relaxes S(u) by the induction
hypothesis H(T ), which implies that S(v) relaxes S(u). Now we can let ū′ be the node

in layer j at the other end of the arc generated by control xi at node v. If we let P
′

be

the path obtained by extending P ′ to ū′, then clearly P
′

makes the same assignments
to variables as P̄ .

To see that f(P ) ≤ f(P
′
), note that

f(P ) = f(P ) + fi(S(u), xi) ≤ f(P ′) + fi(S(u′), xi) ≤ f(P ′) + fi(S(v), xi) = f(P
′
)
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where the first inequality is due to H(T ), and the second inequality is due to condition
(b). To show that S(ū′) relaxes S(ū), we note again that S(v) relaxes S(u). This and
condition (a) imply that S(ū′) relaxes S(ū), as desired. �

6 Relaxation by Node Splitting

An alternative method for creating a relaxed DD begins with a DD of width 1 and
refines it repeatedly by splitting nodes. Like node merger, node splitting uses state
space information. A node u is split by creating a copy u′ of the node and its outgoing
arcs, and dividing the incoming arcs between u and u′. The states of u an u′ are
updated to reflect their incoming arcs, which may require some of the outgoing arcs
to be deleted as infeasible. This process tends to remove infeasible solutions from the
DD, resulting in a tighter bound.

The process is illustrated for the set packing problem in Fig. 8. A initial DD of
width 1 is as shown as Fig. 8(a). Since all assignments to x are feasible in this DD, the
optimal solution tree (shown in bold) yields a useless upper bound of 6 on the optimal
value of 3. To refine the DD, we move sequentially through the layers, beginning with
the child layer xcd of the root layer. We split the ∅ node into two nodes, with the
incoming 0-arc directed to one node and the 1-arc directed to the other. We define the
states of each node by merging the states associated with its incoming arcs (in this
case, there is only one incoming arc, and so no merger is necessary). We must now
delete the 1-arcs leaving node AC, since control xcd = 1 is infeasible in state {A,C}.
The resulting DD is shown in Fig. 8(b), which yields an upper bound of 5.

At this point we move to the xab layer. We begin by updating the state of its node
by merging the states associated with the three incoming arcs (again yielding ∅). We
then split the node into two nodes and allocate to them the incoming arcs. This can
be done in three ways, illustrated in Fig. 9. We employ the allocation in Fig. 9(a),
because it allows us to delete outgoing 1-arcs from node AC in the xab layer, as shown
in Fig. 8(c), potentially resulting in a tighter bound. As it happens, this does not
improve the bound, but subsequent splits in layers xc and xa reduce the bound to 3,
as shown in the remainder of Fig. 8. This bound happens to be sharp, but the DD
remains a relaxation; the solution shown in bold in Fig. 8(e), for example, is infeasible.
A final split in layer xbd would also permit infeasible solutions. If desired, the entire
process can be repeated, starting with the DD that results from the first round.

Algorithm 3 describes the splitting procedure in general. It is applied to an existing
nonserial DD, which may be inherited from previous rounds of the algorithm. It
assumes a given node successor function φ, a set Li of nodes on each layer i, a state
transition function ψ, a state merger operation ⊕, and an initial state S(r) at the root
node r. As before, π(j) is the parent layer of layer j. The algorithm is initially applied
to a DD of width 1, like the one in Fig. 8(a). At any point in the algorithm, φ−1

jxi
(v) is

the set of nodes that send xi-arcs to node v ∈ Lj , so that φ−1
jxi

(v) = {u | φjxi(u) = v},
where i = π(j). Recall that φjxi(u) is the dummy node d when no xi-arc leaves u.

The algorithm begins by deleting arcs from the root node r that correspond to
infeasible controls in state S(r). It then loops through the remaining nonterminal
layers using the variable ordering that created the induced graph. In each layer j, it
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(b)

∅xac

∅ ACxcd
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t
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t t
(c)

∅xac

∅ ACxcd
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t
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t t
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t
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t t
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Fig. 8: Relaxed nonserial DDs obtained by consecutive node splitting. Relaxations
(a)–(e) provide upper bounds of 6, 5, 5, 4, and 3, respectively.

first updates the states of each node v in the layer, by merging the states associated
with incoming arcs to v. It then selects a subset of nodes to be split, based in part on
whether the split will lead to arc deletions as described above. The number of splits
may be limited to keep the width of the DD within bounds. For each node v to be
split, it creates a duplicate node v′. It divides incoming arcs to v between v and v′

and computes the states S(v) and S(v′) by merging states created by incoming arcs.
Finally, it defines the arcs from v and v′ to child layers. For each control xj , it deletes
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∅ ACxcd

∅ ACxab

(a)

∅ ACxcd

CD ∅xab

(b)

∅ ACxcd

∅ Cxab

(c)
Fig. 9: Three ways to split the ∅ node in layer xab.

Algorithm 3 Refinement of a relaxed nonserial DD by node splitting.

for x1 ∈ {0, 1} do
if x1 6∈ S(r) then

for all k ∈ J(1) do φkx1(r)← d
end if

end for
for j = 2 to n do

i← π(j)
for all v ∈ Lj do

S(v)←⊕
xi∈{0,1}

⊕
u∈φ−1

jxi
(u) ψi(S(u), xi)

end for
Select a set Lsplit ⊂ Lj of nodes to be split
for all v ∈ Lsplit do

Create new node v′ ∈ Lj
for xi ∈ {0, 1} do

Partition φ−1
jxi

(v) into Uxi and U ′xi
for all u′ ∈ U ′xi do φjxi(u′)← v′

end for
S(v) =

⊕
xi∈{0,1}

⊕
u∈Uxi

ψi(S(u), xi)

S(v′) =
⊕

xi∈{0,1}
⊕

u′∈U ′xi
ψi(S(u′), xi)

for xj ∈ {0, 1} do
if xi ∈ Xj(S(v′)) then

for all k ∈ J(j) do φkxj (v
′)← φkxj (v)

end if
if xi 6∈ Xj(S(v)) then

for all k ∈ J(j) do φkxj (v)← d
end if

end for
end for

end for

pre-existing xi-arcs from v if xi is infeasible in S(v), and adds new arcs from v′ if xi
is feasible in S(v′).
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Splitting methods based on separation algorithms have also been developed for
serial DDs [7, 9, 25, 56, 57]. They can be employed when a longest path is found to
be infeasible, in which case the separation algorithm splits nodes in a way that always
removes the infeasible path. These methods can likewise be generalized to nonserial
DDs.

7 Computational Experiments: Set Packing

The primary hypothesis to be tested by computational experiments is that nonserial
DDs represent feasible solutions much more compactly than serial DDs when the
induced width is small. This requires controlled experiments in which test instances
are generated to exhibit a range of gradually increasing induced widths.

This was accomplished for the set packing problem by varying the average number
of elements per set. For a given universe of elements, larger sets tend to overlap more
often and therefore impose a greater degree of coupling between variables, resulting in
larger induced widths. The induced width was computed, and the serial and nonserial
DDs generated, using a variable ordering that corresponds to a nonincreasing degree
ordering of vertices in the primal graph. This type of ordering is easy to compute and
tends to approximate an ordering that minimizes induced width.

Instances with m sets and n available elements were generated as follows for several
choices of (m,n). For each of the m sets, each element was selected for inclusion in
the set with a specified probability p. The parameter p was gradually increased so
as to result in instances with increasing induced width, although the induced width
is not controlled precisely. Five or 10 random instances were obtained in this fashion
for each setting of p. Instances with a disconnected primal graph were discarded
and replaced with another random instance. For each instance, an exact serial DD
and exact nonserial DD were generated, using the state transition function described
in Section 3 for top-down compilation. The optimal values obtained by serial and
nonserial DDs were compared as a validity check. No attempt was made to obtain a
reduced serial or nonserial DD, as reduction has not typically proved useful in practice.

Results for various instance sizes (m,n) appear in Fig. 10. The p settings used for
each size class are listed in Table 1. The DD size is measured by the number of nodes
generated. States generated by transitions to terminal nodes are counted as separate
nodes, since they require significant processing.

Since larger sets impose more restrictions, they permit fewer feasible solutions.
This accounts for the smaller serial DD sizes for larger induced widths. The nonserial
DD sizes, however, are roughly constant with respect to induced width, because they
encode solutions more efficiently when the induced width is small. Consequently, the
advantage of nonserial DDs is substantial for smaller induced widths. For widths less
that 5 or 10, depending on the problem class, they tend to be smaller by a factor of 100
or so. The advantage gradually disappears as the induced width increases to about 15
in the smaller instances, and to 25 or 30 in the larger instances. When one compares
compile time rather than DD size, the potential advantage of nonserial DDs is more
extreme. A few representative compile times are indicated in the plots. Evidently,
nonserial DDs can reduce hours to fractions of a second.
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Table 1: Settings of parameter p for set
packing instances

(m,n) p settings∗

(20, 15) 0.1, 0.2, 0.3
(20, 30) 0.08, 0.1, 0.13, 0.15, 0.2
(30, 20) 0.08, 0.1, 0.12, 0.15, 0.2, 0.3
(30, 40) 0.06, 0.08, 0.1, 0.12, 0.15
(40, 30) 0.08, 0.1, 0.13, 0.15, 0.2, 0.3
(50, 40) 0.05, 0.06, 0.08, 0.1, 0.12, 0.15, 0.2

p = probability that a given element appears
in a set

Table 2: Settings of parameter r
for 0–1 programming instances

(n,m) r settings∗

(20, 10) 2, 3, . . . , 10, 15
(25, 10) 2, 2.5, 3, 4, 5, 6, 7
(100, 50) 2, 2.3, 2.5, 2.7, 3

r = average number of nonzeros
in a row of the coefficient matrix

It is impractical to compare serial and nonserial DDs for larger instances, due to
the astronomical size of serial DDs. However, the largely flat profile of the nonserial
plots persists for larger instances. This is illustrated in the final plot of Fig. 10. The
compile times for these instances remain modest for the full range of induced widths,
remaining primarily in the range of 1 second to 1 minute.

One might summarize the results for set packing problems by observing that
nonserial DDs offer substantial improvement over serial DDs when improvement is
needed, and little improvement when it is not needed.

8 Computational Experiments: 0–1 Programming

To investigate a problem class with very different characteristics than set packing,
serial and nonserial DDs were generated for 0–1 linear inequality systems. While
highly developed integer programming methods are available for such problems, other
methods are required when 0–1 inequalities are embedded in a larger constraint set. In
such cases, DDs could be useful to represent the constraints and/or obtain optimization
bounds.

In any event, computational results for 0–1 inequalities have broader implications.
The efficiency of nonserial encoding does not depend on the formulation of constraints
as 0–1 inequalities, which can be viewed as merely a convenient device for generating
a feasible set. Any problem in which the constraints have the same feasible solutions,
regardless of how the constraints are expressed, generates the same primal graph and
therefore the same potential for efficient representation by a nonserial DD.

A 0–1 programming problem has the form

max
{
cᵀx

∣∣Ax ≤ b, x ∈ {0, 1}n
}

where A is an m×n matrix. In the experiments, top-down DD compilation was based
on a standard recursive model, in which the state S is the vector Ax of the current
values of the left-hand sides of the inequality constraints. The state transition function
is

ψi(S, xi) = S +Aixi
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Fig. 10: Computational results for serial and nonserial DDs representing set packing
instances of various sizes, showing DD size versus induced width.
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where Ai is column i of A, and where the initial state is a vector of zeros. A control
xi is feasible in state S if S + Aixi ≤ b. The value f(xi) of an arc associated with
control xi is cixi. Vertices xi and xj are connected in the primal graph if Aki and Akj
are nonzero for some row k of A.

A perennial issue with generating 0–1 problem instances is how to choose the right-
hand sides in b to be large enough so that the problem is feasible, but small enough
so that solving it is nontrivial. A common approach, adopted here, is to assign the
variables xi random 0–1 values (each having probability 1

2 ) and set b = Ax. This
ensures that at least one solution x satisfies the constraints.

We again have the challenge of generating instances with a range of induced widths.
A simple method of doing so is to vary the average number of nonzero coefficients
in an inequality constraint. Instances with a denser coefficient matrix A tend to have
larger induced widths. The instances are therefore generated by specifying the average
number r of nonzeros per row, for a series of increasing values of r. When generating
a given instance, each coefficient Aij is given a nonzero value with probability r/n.
The value of the coefficient is chosen from a uniform probability distribution on
{1, 2, . . . , 10}. If it happens that a column of A consists entirely of zeros, a element
of the column is randomly chosen to insert a coefficient sampled from {1, 2, . . . , 10}.
Since only the properties of the feasible set are of interest here, all objective function
coefficients ci are set to 1.

Results for problem instances of various sizes appear in Fig. 11. The r settings used
for each size class are listed in Table 2. Five instances are generated for each setting.
The number of feasible solutions varies widely even for a given instance size and
induced width, somewhat obscuring the relative performance of serial and nonserial
DDs in the plots. For this reason, Fig. 11 also contains plots of the ratio of serial to
nonserial DD node counts for the two smaller size classes. There is a clear pattern
of better nonserial DD performance for smaller induced widths. For widths below 10,
they reduce the DD size by one or two orders of magnitude for 20-variable problems,
and by two to three orders of magnitude (or more) for 25-variable problems. The
advantage appears to grow with problem size. The differences in compile time are
again more extreme, often several orders of magnitude.

The rapid growth of serial DDs makes comparison impractical for larger instances;
the compile time for 25 variables is already as long as 46 hours. Nonserial DD
performance alone is shown for much larger instances (100 variables) in the last plot
of Fig. 11. The DD sizes grow with induced width, as one would expect, but are quite
manageable for widths under 12. The compile time is almost always under 10 seconds
for these instances, and usually under 0.1 second for induced widths less than 7.

9 Conclusions

Preliminary computational experiments confirm that nonserial decision diagrams can
represent a feasible set much more compactly that traditional serial DDs when there
is limited coupling between variables. The size reduction can be at least two or three
orders of magnitude for instances small enough to allow a comparison, and probably
more for larger instances. Reductions in compile time are several orders of magnitude
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Fig. 11: Computational results for serial and nonserial DDs representing 0-1
programming instances of various sizes.
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even for small instances. Even when an exact nonserial DD is impractically large, its
relaxation could be of superior quality relative to a relaxed serial DD.

In addition, it is straightforward to replace serial with nonserial DDs in a given
application. Nonserial DDs can be compiled in a top-down fashion in much the same
way as serial DDs, based on a dynamic programming model of the problem. Relaxed
nonserial DDs can be created in much the same way as well, using either node merger
or node splitting. In fact, the admissible state merger operations are the same as for
serial DDs. Finally, reduced nonserial DDs have the same uniqueness property as serial
DDs.

These results suggest that nonserial DDs could offer substantial benefit for some
DD applications. In any event, the potential benefit for any particular problem is
easily assessed in advance by observing the induced width of its primal graph with
respect to a heuristically determined variable ordering. When the induced width is
small, applying a serial DD could incur a massive computational cost that is entirely
unnecessary. A serial DD is obliged to carry information through several layers where
it is irrelevant, causing these layers to grow exponentially as one descends into the
DD, while a nonserial DD conveys information only to layers where it is relevant.

In fact, one could make a case that nonserial DDs should be used in all DD
applications by default, since serial DDs are a special case of nonserial ones in any
event. If the induced width is large, DD compilation would simply revert to the
conventional serial case, or nearly so, while if the width is small, the resulting nonserial
DD could be far more efficient.
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[34] Hadžić T, Hooker JN (2006) Postoptimality analysis for integer programming
using binary decision diagrams, based on talk “Discrete global optimization with
binary decision diagrams” at GICOLAG workshop, Vienna, Austria. Tech. rep.,
Carnegie Mellon University
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