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Relaxation is important in optimization because it provides bounds on the
optimal value of a problem. One of the more popular forms of relaxation is
Lagrangian relaxation, which is used in integer programming and elsewhere.
A problem is relaxed by making its constraints weaker, so that the feasi-
ble set is larger, or by approximating the objective function. In the case of
a minimization problem, the optimal value of the relaxation is a lower bound
on the optimal value of the original problem. For a maximization problem it
is an upper bound. The art of relaxation is to design a relaxed problem that
is easy to solve and yet provides a good bound.
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Purpose of Relaxation

Relaxation bounds are useful for two reasons. First, they can indicate whether
a suboptimal solution is close to the optimum. If a minimization problem, for
example, is hard to solve, one might settle for a suboptimal solution whose
value is close to a known lower bound. An optimal solution would not be
much better.

Second, relaxation bounds are useful in accelerating a search for an optimal
solution. In a solution of an integer programming problem, for example, one
normally solves a relaxation of the problem at each node of the branch and
bound tree. Suppose again that the objective is to minimize. If the value of
the relaxation at some node is greater than or equal to the value of a feasible
solution found earlier in the search, then there is no point in branching further
at that node. Any optimal solution found by branching further will have
a value no better than that of the relaxation and therefore no better than
that of the solution already found. Lagrangian relaxation is often used in
this context, because it may provide better bounds than the standard linear
programming (LP) relaxation.

Lagrangian Relaxation

Lagrangian relaxation is named for the French mathematician J.L. Lagrange,
presumably due to the occurrence of what we now call Lagrange multipliers
in his calculus of variations [2]. Because this form of relaxation changes the
objective function as well as enlarging the feasible set, it is necessary to
broaden the concept of relaxation somewhat.

Consider the problem of minimizing a function f(x) subject to x € S,
where x is a vector of variables and S the set of feasible solutions. The
epigraph of the problem is the set of all points (z,x) for which z € S and
z > f(z). This is illustrated in Fig. 1. The problem of minimizing f’(x)
subject to x € S’ is a relazation of the original problem if its epigraph
contains the epigraph of the original problem. That is, (a) S C S’ and (b)
f(z) < f'(x) for all x € S. Relaxation is therefore conceived as enlarging
the epigraph; enlarging the feasible set is a special case. It is clear that the
optimal value of a relaxation still provides a lower bound on the optimal value
of the original problem.

Lagrangian relaxation is available for problems in which some of the con-
straints are inequalities or equations. Such problems may be written as

minimize f(x) (1)
subject to g(z) <0 (2)
x e Ss. (3)
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Figure 1 Epigraph of an optimization problem min {f(z): z € S } (darker shaded area)
and of a relaxation min { f'(z): 2 € S’ } (darker and lighter shaded areas)

Here, g(z) is a vector of functions (g1(z), ..., gm(z)), and (2) is a family of
m constraints g;(z) < 0. There is no loss of generality in omitting equality
constraints h;(xz) = 0 from this formulation, because they can be written as
two inequality constraints, h;(z) < 0 and —h,(x) < 0. The constraints (3)
may take any form, inequality or otherwise.

The Lagrangian relaxation is formed by ‘dualizing’ the constraints (2):

min  f(z) + Ag(x) )
x €S
Here, A = (A1,...,\n) is a vector of nonnegative Lagrange multipliers that
correspond to the inequality constraints. The aim of dualization is to remove
the hardest constraints from the constraint set, so that the relaxed problem
is relatively easy to solve.
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The Lagrangian relaxation is in fact a relaxation because its epigraph
contains the epigraph of the original problem (1)-(3). This can be verified by
checking conditions a) and b):

(a) The feasible set of the original problem is a subset of the feasible set of the
relaxation, because the relaxation omits some of the original constraints.

(b) If z is feasible in the original problem, then f(z) > f(z) + Ag(x). This is
because A > 0 and, due to the feasibility of z, g(x) < 0.

The Lagrangian Dual

A relaxation can be constructed simply by eliminating the constraints (2)
rather than dualizing them. One might ask what is the advantage of dualiza-
tion. One rationale is that when the Lagrange multipliers are properly chosen,
the penalties A;g;(z) in the objective function hedge against infeasibility. To
the extent that constraints g;(x) < 0 are violated and the bound thereby
weakened, the objective function will be penalized, restoring the quality of
the bound.

Fortunately, one can search for a proper choice of multipliers. The La-
grangian relaxation is actually a ‘family’ of relaxations, parameterized by
the vector A\ of multipliers. This provides the possibility of searching over
values of A to find a relaxation that gives a good lower bound on the optimal
value.

The problem of finding the best possible relaxation bound is the La-
grangian dual problem. If ()) is the optimal value of the relaxation (4),
the Lagrangian dual of (1)—(3) is the problem of maximizing 6(\) subject to
A>0.

Under certain conditions, the best relaxation bound is equal to the optimal
value of the original problem (1)—(3) [1]. Generally, however, it falls short.
The amount by which it falls short is the duality gap.

The Lagrangian dual problem has three attractive features:

e It need not be solved to optimality. Any feasible solution provides a valid
lower bound.

e Its objective function ()\) is always a concave function of A\. One need only
find a local maximum, which is necessarily a global maximum as well.

e Its solutions have a complementary slackness property. If certain \;’s are
positive in an optimal solution of the dual problem, then the corresponding
constraints g;(z) < 0 are satisfied as equations in some optimal solution
of the primal problem (1)—(3).

A serious drawback of the Lagrangian dual is that simply evaluating the
objective function #(\) for a given A normally requires solution of an opti-
mization problem. The relaxation must be carefully chosen so that this is
practical. Moreover the function @ is typically nondifferentiable.
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Why is the Lagrangian dual a ‘dual’? One explanation is that it generalizes
the LP dual, which is the Lagrangian dual of an LP problem. To see this,
consider the LP problem min{cz : Az > a, x > 0}. Its Lagrangian dual
maximizes

o) = 1;121101{050 + AMa — Ax)}

=min{(c — A\)z + \a}
x>0
over A > 0. So 0()) is —oo if some component of ¢ — AA is negative and is
Aa otherwise. This means that maximizing ¢(\) over A > 0 is equivalent to
maximizing Aa subject to AA < ¢ and A > 0, which is precisely the LP dual.

Integer Programming

The application of Lagrangian ideas to integer programming dates back at
least to H. Everett [6]. In this arena the optimization problem (1)-(3) be-
comes,

min cx
st. Azx<a
(5)
Bx <b

x; integer for all j.
The ‘hard’ constraints Az < a are dualized in the Lagrangian relaxation,

min cz + A(Az — a)
st. Br<b (6)

x; integer for all j,

and 6(A) is the minimum value of this problem for a given A. The optimal
value z;,p of the Lagrangian dual is a lower bound on the optimal value zip
of (5). It will be seen shortly that the bound zip is at least as good as the
bound zpp obtained by solving the LP relaxation of (5). (The LP relaxation
is the result of dropping the integrality constraints.)

In the context of integer programming, the Lagrangian function 8(\) is
not only concave but piecewise linear. This is because 6()) is the maximum
of a set of linear functions cx + A(Axz — a) over all integral values of x that
satisfy Bz < b.

A fundamental property of the Lagrangian dual is that zi,p is equal to the
optimal value z¢ of
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min cx
st. Ar<a (7)
x € conv(S),

where S is the set of integer points satisfying Bx < b, and conv(S) is the
convex hull of S [8]. The Lagrangian dual can therefore be written as an LP
problem, if a linear description of conv(S) is available.

The reasoning behind this fact goes as follows. Because the feasible set
of (7) is that of an LP problem, the optimal value of its Lagrangian dual is
equal to z¢. To see that it is also equal to zrp, thereby proving z¢ = z1p,
it suffices to show that the Lagrangian relaxation of (7) always has the same
optimal value as the Lagrangian relaxation of (5). But this is true because
the former is the same problem as the latter, except that the constraints in
former are x € conv(S) and in the latter are x € S. This substitution has no
effect on the optimal value because the objective function is linear.

It can now be seen that the bound zyp is always at least as good as zrp.
Let C1p be the problem (7) corresponding to (5), and let Cpp be the problem
(7) corresponding to the LP relaxation of (5). CLp’s feasible set contains
that of Crp, and its optimal value is therefore less than or equal to zr,p. But
because Cpp is identical to (5)’s LP relaxation, zrp < zpp.

When Bz < b happens to describe a polyhedron whose vertices have inte-
gral coordinates, Cip and Cpp are the same problem. In this case zr,p = z1p.
To sum up,

zrp < zrp = z¢ < 21p,

where the first inequality is an equation when Bz < b describes an integral
polyhedron.
As an example consider the integer programming problem (Fig. 2):

min —2r; — 29
s.t.  4dxy; +5xe <10

z; integer, j =1,2.

(®)

The optimal solution is = (2,0), with value z;p = —4. Dualizing the first
constraint decouples the variables:

0(\) = min {=221 — s+ \(4z1 + 522 — 10)}
2; integer

= 02?;3 {(4X = D)z + (BA + 1)za — 10A}.
x; integer

Because of the decoupling, 6(\) is easily computed:
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Figure 2 Feasible set of an integer programming problem (large dots) and its linear
programming relaxation (area shaded by small dots). The point (2, 0) is the optimal
solution, and (2.5, 0) is the solution of the LP relaxation

17TA—9 if0<A< ],
ON) =q2X1—6 if : <A< 3,
—10A  ifA>1.

It is evident in Fig. 3 that 0 is a concave, piecewise linear function. The opti-
mal value of the Lagrangian dual is z1,p = 9(%) = =5, resulting in a duality
gap of zip — zp = 1. The optimal value of the LP relaxation is likewise —5,
so that in the present case zpp = zpp. This is predictable because Bx < b
consists of the bounds 0 < z; < 3, which define an integral polyhedron.

In practical applications, the Lagrangian relaxation is generally con-
structed so that it can be solved in polynomial time. It might be a problem
in which the variables can be decoupled, as in the above example, or whose
feasible set is an integral polyhedron. Popular relaxations include assignment
or transportation problems, which can be solved quickly.
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Figure 3 The Lagrangian function 6() for an integer programming problem. The optimal
value of the Lagrangian dual problem is 6(1/2) = —5

A notable example is the asymmetric traveling salesman problem on n
cities:

minimize Z CijTij (9)

)

subject to
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> wy =1, alli, (10)
J
inj =1, allj, (11)

Z Z x;; > 1, all nonempty V C {2,...,n}, (12)
igV jev
x5 > 0, x;; integral, all 7, j. (13)

If the assignment constraints (10) are dualized, the Lagrangian relaxation

minimizes
E CijTij + E )\z( E Tij — 1)
ij i j
= E (cij + Ai)wij — E Ai
ij i

subject to (11)-(13). This is equivalent to finding a minimum-cost spanning
arborescence that is rooted at node 1, which can be done in polynomial time
[5]. This and related methods are discussed in [12, 19]. A Lagrangian approach
to the symmetric traveling salesman problem is presented in [14, 15].

Solving the Dual

Subgradient optimization is a popular method for solving the Lagrangian
dual, because subgradients of 6 (and gradients when they exist) can be readily
calculated.

Let X () be the set of optimal solutions of the Lagrangian relaxation (4)
when A = \. If X()) is a singleton {z}, then the gradient of § at \ is simply
the vector g(Z). This is because for values of A in a neighborhood of X, 6(\)
is the linear function f(z) + Ag(Z).

More generally, for any Z € X (), g(Z) is a subgradient of § at \. In fact,
every subgradient of § at )\ is a convex combination of subgradients that
correspond to the solutions in X ().

In the integer programming case, the subgradients of § at A are A% — a for

each T € X (), and convex combinations thereof. Consider the example (8),
where
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{(3,3)} ifo< A<,
{(3,3),(3,0)} if A= %
X(\) =1<1{(3,0)} if 1 <Ax<i,
{(3,0),(0,0)} ifx= %,
{(0,0)} if A > 1

Thus at A = 0, 6 has the gradient (slope) of 4(3) +5(3) — 10 = 17. At A = £,
the subgradients of 6 are 17, 2, and their convex combinations; i. e., all slopes
in the interval [2,17]. This can be seen in Fig. 3.

The subgradient algorithm begins with an initial estimate Ay of the optimal
\. Tteration k+ 1 accepts estimate A\¥ from the previous iteration and defines
the next iterate as \¥*1 = \F 45, g(z*) where z* is the value of z obtained by
computing #(\F), and g(z*) is the corresponding subgradient. Any negative
components of A**t1 are projected to zero. The stepsize o), must be carefully
chosen to achieve timely convergence. The simplest alternative is to let o =
1/(k + 1), but this results in extremely slow convergence. A widely used
approach is Polyak’s method [20], in which

0" — O(\F)

Ok = ——— 5 Ok
lg(z*)[?

and in which 6* is a known upper bound on maxy>{6(x)}. Initially ap = 1,
and ap = ag_1 unless #(x*) has not improved for several iterations, in which
case one might set oy = %Otk—y The choice of an efficient stepsize is problem
dependent and typically found by trial and error. Other versions of the sub-
gradient algorithm include Nesterov’s smoothing scheme [18] and the Kelly-
Cheney-Goldstein bundle method [17].

Further Reading and Extensions

A lucid geometrical exposition of Lagrangian relaxation may be found in
Chapter 6 of [1]. A classic treatment of its application to integer programming
is [7]. A tutorial can be found in [13], a more recent exposition in Section 8.1
of [4], and a recent literature survey in [3]. There is a vast literature on
applications and enhancements.

The Lagrangian dual can be viewed as a special case of a relazation dual,
which is any dual defined over a parameterized family of relaxations [16].
The surrogate dual, for example, is a relaxation dual in which relaxations
are obtained by replacing the original inequality constraints with a nonneg-
ative linear combination of those constraints [9, 10, 11]. In this case, the
relaxations are parameterized by the vector of multipliers used to obtain the
linear combination.
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