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Abstract. We introduce stochastic decision diagrams (SDDs) as a gen-
eralization of deterministic decision diagrams, which in recent years have
been used to solve a variety of discrete optimization and constraint sat-
isfaction problems. SDDs allow one to extend the relaxation techniques
of deterministic diagrams to stochastic dynamic programming problems
in which optimal controls are state-dependent. In particular, we develop
sufficient conditions under which node merger operations applied during
top-down compilation of the SDD yield a valid relaxed SDD whose size
can be limited as desired. The relaxed SDD provides bounds on the opti-
mal value that can be used to evaluate the quality of solutions obtained
heuristically or to accelerate the search for an optimal solution. This
results in a general and completely novel method for obtaining optimiza-
tion bounds for stochastic dynamic programming, and the only method
that can be applied to the original state space. We report computational
experience on stochastic maximum clique (equivalently, maximum inde-
pendent set) problem instances.

Keywords: stochastic decision diagrams · stochastic dynamic
programming · relaxed decision diagrams · maximum clique problem

1 Introduction

Decision diagrams have proved to be a useful tool for solving a variety of
discrete optimization and constraint programming problems [1,5,8,9,14,16–
20,23,28,31]. One of their distinctive features is that they are naturally suited
for dynamic programming (DP) formulations and provide an alternative to tra-
ditional state space enumeration as a means to solving them. They do so by
creating a novel framework for branch-and-bound search [8] and a discrete relax-
ation method for calculating bounds [7]. Yet many, if not most, useful DP models
are stochastic [29]. This suggests that it may be beneficial to extend the concept
of a decision diagram to the stochastic case by introducing probabilities. Such
is the goal of the present paper.

Stochastic decision diagrams (SDDs) can represent a very general class of dis-
crete stochastic DP models with state-dependent transitions and controls. This
is because the state transition graph of the DP model can be interpreted as an
SDD. Despite this, the concept of an SDD is very different from that of a state
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transition graph, partly because the nodes of the SDD need not correspond to
states. In addition, a DP model can sometimes be radically simplified by recon-
ceiving the transition graph as a decision diagram (without state information)
and applying well-known reduction techniques to the diagram [24]. Perhaps more
importantly, an SDD-based perspective opens the door to relaxation techniques
that have been developed for decision diagrams, such as node merger and node
splitting. Decision-diagram-based relaxation is attractive in that it does not pre-
suppose linearity or convexity, and it allows one to obtain bounds of any desired
quality by controlling the size of the relaxed diagram. It has already been widely
applied to deterministic models, as recounted in [9].

We therefore focus on how to build relaxed SDDs, using node merger in
particular. We develop sufficient conditions under which nodes can be merged
during top-down compilation of an SDD so as to yield a valid relaxed SDD.
The relaxed SDD can then provide bounds on the optimal value of the original
problem. A complicating element of this analysis is that an optimal solution of a
stochastic DP is not simply an assignment of values to variables, but a policy for
selecting an optimal control in any state one happens to reach. Nonetheless, the
analysis yields a general and completely novel method for bounding stochastic
dynamic programming models. Such bounds are essential for judging the quality
of a heuristic solution, and they can be very helpful for accelerating the search
for an exact solution by excluding unpromising regions of the search space.

We assess the quality of SDD-based bounds experimentally using a stochastic
version of the maximum clique problem, which is equivalent to the maximum
independent set (maximum stable set) problem defined on the complementary
graph. We select this problem because decision diagrams have already been eval-
uated as a bounding mechanism for the deterministic case, using the well-known
DIMACS instance set [7]. It was found that decision diagrams supply tighter
bounds, in less time, than the full cutting plane resources of a commercial inte-
ger programming solver. This suggests that bounds from an SDD may likewise
be useful for the stochastic case, even while they cannot be directly compared
with an integer programming model because no such practical model exists. As a
test bed, we use a variety of random and DIMACS instances. We find that SDD-
based bounds degrade rather modestly as one reduces the size of the relaxed
SDD and consequently the time invested in building it, even when the time is
reduced to a few seconds. These results suggest that SDDs can provide useful
bounds of continuously adjustable quality.

2 Related Work

Decision diagrams were introduced as an optimization method in [21,22]. The
idea of a relaxed diagram first appears in [1] as a technique for enhancing prop-
agation in constraint programming, by means of both node splitting and node
merger. Relaxed diagrams were first used to obtain optimization bounds in [7,10],
and much subsequent work is described in [9]. Sufficient conditions under which
node merger creates a relaxed diagram are presented in [25]. They are simpler
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than the conditions developed below for SDDs because there is no need to accom-
modate solutions in the form of policies. Relaxed decision diagrams are combined
with Lagrangian methods in [6,14,26].

Dynamic programming, both deterministic and stochastic, is credited to Bell-
man [3,4]. Various DP techniques are described in [12,13]. Due to the astronomi-
cal size of state spaces often encountered in stochastic DP, practitioners generally
resort to approximate DP, which estimates the cost-to-go, rather than attempt-
ing to establish valid bounds [12,29]. Connections between decision diagrams
and deterministic DP, including nonserial DP [11], are discussed in [24].

When DP bounds are desired, they are traditionally obtained by state space
relaxation, which approximates the original state space with a smaller, computa-
tionally feasible space [2,15,27,30]. It differs in fundamental ways from relaxation
based on decision diagrams. A relaxed decision diagram uses the same variables
and state space as the original problem, rather than mapping the problem into
a smaller space. This allows the relaxed diagram to provide a branching frame-
work for an exact branch-and-bound method [8]. Furthermore, the relaxation is
constructed dynamically during compilation rather than specified a priori and is
thereby potentially more sensitive to problem structure. It can be tightened by
filtering techniques and Lagrangian methods. Finally, the relaxed diagram can
be sized to provide a bound of any desired quality.

3 Stochastic Decision Diagrams

A decision diagram can be defined as a directed, acyclic multigraph in which the
nodes are partitioned into layers. Each arc of the graph is directed from a node
in layer i to a node in layer i + 1 for some i ∈ {1, . . . , n}. We let Li represent
the set of nodes in layer i. Layers 1 and n + 1 contain a single node, namely the
root r and the terminus t, respectively. Each layer i is associated with a variable
xi with finite domain Xi. The arcs leaving any node in layer i have labels in Xi,
representing possible values of xi (controls) at that node.

Conventional decision diagrams are deterministic, meaning that the control
at a given node determines a transition to particular node on the next layer. A
path from r to t defines a sequence of controls x = (x1, . . . , xn) as indicated by
the arc labels on the path. A decision diagram is weighted if there is a length
(cost) associated with each arc.

Any discrete optimization problem of the form minx∈X {∑n
i=1 ci(xi)} with

finite-domain variables x1, . . . , xn and feasible set X can be represented by a
weighted decision diagram.1 The diagram is constructed so that its r–t paths
correspond to feasible solutions x ∈ X , and the length of any r–t path is the
cost of the corresponding solution. The optimal value of the problem is the length
of a shortest r–t path.

A stochastic decision diagram (SDD) associates probabilities as well as labels
and costs with the arcs. An SDD is significantly different from a deterministic
diagram in that a given control xi at a node u does not, in general, determine
1 Decision diagrams can also represent problems with nonseparable cost functions c(x)

as described in [24]. However, this generalization is not relevant here.
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Fig. 1. Graph for a small maximum clique problem.

Fig. 2. SDD for a small stochastic maximum clique problem. Transition probabilities
less than 1 are shown on the arcs. Zero-cost solid arcs from layer 4 to the terminus are
not shown. States and maximum expected costs-to-go are indicated at nodes.

a transition to a particular node in the next layer. Rather, control xi can lead
to any of several possible outcomes ω, each with a probability piω(u, xi) and
cost ciω(u, xi). We suppose, without loss of generality, that the same set Ωi of
outcomes is available at each node in layer i, although many of the outcomes
may have probability zero. Each outcome ω at node u with positive probability
gives rise to an arc (u, u′) that leads to a node u′ = φiω(u, xi).

Due to the probabilistic nature of transitions, a sequence of controls x =
(x1, . . . , xn) does not correspond to a single r–t path. Furthermore, the control
exercised in layer i may depend on which node is reached in that layer. We
therefore define a policy π rather than a vector x of controls for SDDs, where
πi(u) is the specified control at node u ∈ Li. The policy is feasible if πi(u) ∈ Xi(u)
for all u ∈ Li and all i, where Xi(u) is the set of permissible controls at node u.
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As an example, consider a stochastic maximum clique problem associated
with the graph of Fig. 1. Each edge of the graph appears with probability 0.6.
The objective is to find a clique of maximum expected size, without knowing
in advance which edges are present. The problem is represented by the SDD
in Fig. 2. There are two controls xi in each layer i, with xi = 1 indicating a
decision to include vertex i in the clique (solid arcs), and xi = 0 a decision
to exclude vertex i (dashed arcs). There are two solid arcs leaving most nodes,
because there are two possible outcomes when xi = 1: vertex i can be added to
the clique (ω = 1), or it cannot be added (ω = 0). The former occurs when all
the edges from vertex i to vertices currently in the clique exist. This outcome
has probability 0.6m, where m is the size of the clique, while outcome ω = 0 has
probability 1−0.6m. The resulting probabilities are indicated next to the arcs in
Fig. 2 when they are less than 1. For readability, zero-cost solid arcs from layer
4 to the terminus (those corresponding to ω = 0) are not shown in the figure.

Arc costs are also indicated in Fig. 2, where arcs with cost 1 correspond to
outcome ω = 1 and those with cost 0 to outcome ω = 0. We seek a policy
that maximizes expected cost; i.e., maximizes the expected size of the resulting
clique. A policy π consists of a decision πi(u) at each node u ∈ Li as to whether
vertex i should included in the clique. Thus one can consider the outcome of
previous controls when deciding whether to include a given vertex.

The expected cost c(D,π) of a policy π on a stochastic diagram D can be
computed with the recursion

hi(u,π) =
∑

ω∈Ωi

piω

(
u, πi(u)

)[
ciω

(
u, πi(u)

)
+ hi+1

(
φiω(u, πi(u)),π

)]

for i = n, n − 1, . . . , 1, where hn+1(t,π) = 0 and c(D,π) = h1(r,π). A policy
π∗ is optimal if it minimizes c(D,π) over all feasible policies π. The minimum
expected cost can be computed with the recursion

hi(u) = min
xi∈Xi(u)

{ ∑

ω∈Ωi

piω(u, xi)
[
ciω(u, xi) + hi+1

(
φiω(u, xi)

)]}
(1)

for i = n, n − 1, . . . , 1, where hn+1(t) = 0. Here, hi(u) is the optimal expected
cost-to-go at node u in layer i. The overall optimal cost is c(D) = h1(r). An
optimal policy π∗ is obtained by setting π∗

i (u) to an optimizing value of xi in
(1) for each i and each u ∈ Li.

Optimal expected costs-to-go for the example are shown at the nodes in
Fig. 2 (along with the corresponding states, to be discussed in the next section).
They are computed by maximizing rather than minimizing in (1), since we seek
a maximum clique. The maximum expected cost for this problem instance is
2.056. This means that if an optimal choice is made at every node, the resulting
clique will have size 2.056 on the average. Note that at the root node, either
choice is optimal. At both nodes in layer 2, the optimal choice is to add vertex
2, and so forth.
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4 Stochastic Dynamic Programming

Stochastic decision diagrams can represent a very general class of stochastic
dynamic programming (DP) problems in which costs, probabilities and controls
are state-dependent. Let piω(Si, xi) be the probability of outcome ω ∈ Ωi in
state Si under control xi, and ciω(Si, xi) the cost of that outcome.2 Outcome ω
effects a transition from state Si to state φiω(Si, xi). A solution of the problem
is a policy π = (π1, . . . πn) that maps each possible state Si to a control πi(Si).
A policy π is feasible if πi(Si) is an available control for every state Si; that is,
πi(Si) ∈ Xi(Si). The expected cost of policy π is h1(S1,π), where

hi(Si,π) =
∑

ω∈Ωi

piω

(
Si, πi(Si)

)[
ciω

(
Si, πi(Si)

)
+hi+1

(
φiω(Si, πi(Si)),π

)]
(2)

for i = n, n−1, . . . , 1. There is a single initial state S1 and a single terminal state
Sn+1, with hn+1(Sn+1,π) = 0. We refer to hi(Si,π) as the expected cost-to-go
of state Si under policy π. A policy π∗ is optimal if it minimizes h1(S1,π) over
all feasible policies π. An optimal solution can be found with the recursion

hi(Si) = min
xi∈Xi(Si)

{ ∑

ω∈Ωi

piω(Si, xi)
[
ciω(Si, xi) + hi+1

(
φiω(Si, xi)

)]}
(3)

with hn+1(Sn+1) = 0 and h1(S1) equal to the optimal expected cost. An optimal
policy can be obtained by setting πi(Si) to an optimizing value of xi in (3) for
each state Si.

An SDD corresponding to model (3) contains a node in layer i for every state
Si that can be reached with positive probability under some policy. We let Si(u)
refer to the state associated with node u ∈ Li. For each node u ∈ Li and each
control xi ∈ X (Si(u)), there is an outgoing arc to a node associated with state
φiω(Si(u), xi) for every outcome ω with positive probability in state Si. Each
of these arcs has label xi, probability piω(Si, xi), and cost ciω(Si, xi). Several
arcs may connect the same two nodes, but they must have different labels. An
optimal policy can be computed in the SDD using (1).

In the DP model (3) for the stochastic maximum clique problem, the min
operator is max, and each state Si is the set Si of vertices currently in the
clique. The state corresponding to each node of the SDD is shown in Fig. 2. The
transitions and probabilities are as follows:

piω(Si, xi) =

⎧
⎨

⎩

pi(Si), if (xi, ω) = (1, 1)
1 − pi(Si), if (xi, ω) = (1, 0)
ω, if xi = 0

(4)

φiω(Si, xi) =
{

Si ∪ {i}, if (xi, ω) = (1, 1)
Si, if ω = 0 (5)

ciω(Si, xi) = ω for xi = 0, 1 and all Si (6)

where pi(Si) =
∏

j∈Si
pij and pij is the probability of edge (i, j).

2 Following convention in the DP literature, the subscript i in Si does not index the
state but indicates that control xi is applied in state Si.
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As a second example, we consider a stochastic job sequencing problem with
time windows. Each job j has release time rj and due date dj . Its processing
time is a random variable, and each possible processing time tjω corresponds to
an outcome ω ∈ Ωi. The set Ωi can in principle be infinite, but for the purpose
of building an SDD, we suppose it is finite. We also suppose that the outcome
probabilities are state-independent, so that the probability of a processing time
tjω is pjω regardless of which jobs have been scheduled so far. The objective is
to minimize total tardiness, where the tardiness of a job j that starts at time sj

is (sj + tjω −dj)+, and where we use the notation α+ for max{0, α}. The control
xi in stage i is which job will be ith in the sequence.

In the DP model (3) for the problem, each state Si is a tuple (Si, fi), where
Si is the set of jobs scheduled so far, and fi is the finish time of the last job
scheduled. The recursion is defined by

piω

(
(Si, fi), xi

)
= pxiω (7)

φiω

(
(Si, fi), xi

)
=

(
Si ∪ {xi}, max{rxi

, fi} + txiω

)
(8)

ciω

(
(Si, fi), xi

)
=

(
max{rxi

, fi} + txiω − dxi

)+ (9)

The nodes of the an SDD representing the problem correspond to the states
(Si, fi). Each arc with label xi leaving state (Si, fi) is generated by an outcome
ω with positive probability piiω and has cost ciω((Si, fi), xi).

5 Relaxed SDDs

In the deterministic case, a decision diagram D̄ relaxes a diagram D when every
r–t path of D occurs in D̄ with equal or smaller cost. Since policies rather
than paths represent solutions in the stochastic case, it is convenient to define
a relaxed SDD in terms of its optimal expected cost, rather than the cost of
individual paths. This, of course, ensures that a relaxed SDD provides a valid
bound on the optimal value of the original SDD. Thus, if two diagrams D and D̄
have the same number of layers, and the same possible controls and outcomes,
then D̄ relaxes D if the minimum expected cost c(D) of D is at least the minimum
expected cost c(D̄) of D̄.

Under suitable conditions, a relaxed SDD can be obtained by node merger
during top-down compilation, as in the deterministic case. That is, when a given
layer i is created from the previous layer, some of the nodes in layer i are merged,
so as to reduce the size of the diagram. A larger number of mergers yield a
smaller diagram but, in general, a weaker relaxation. When two nodes u, u′ ∈ Li

are merged, the state associated with the resulting node is obtained by applying
a merger operation Si(u)⊕Si(u′) to the states associated with the merged nodes.
Layer i + 1 is then created on the basis of the resulting states in layer i.

In the maximum clique problem, we can use the merger operation Si ⊕ S′
i =

Si ∩ S′
i. We will see in the next section that this yields a valid relaxed SDD.

Figure 3 displays the relaxed SDD that results from merging two particular nodes
in the maximum clique SDD of Fig. 2, namely the nodes in layer 3 with states
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Fig. 3. Relaxed SDD that results from the merger of two nodes in the SDD of Fig 2.

{2} and {1, 2}. The maximum expected cost of the relaxed SDD is 2.4736, which
is an upper bound on the optimal expected cost of 2.056 of the original problem.

In the job sequencing problem, we can use the merger operation

(Si, fi) ⊕ (S′
i, f

′
i) =

(
Si ∩ S′

i,min{fi, f
′
i}

)
(10)

We likewise show in the next section that this creates a valid relaxed SDD.

6 Conditions for Node Merger

We now develop sufficient conditions under which a merger operation yields a
relaxed SDD. We again suppose that a concept of relaxation is defined for states.
We assume that relaxation has the property that state S̄i relaxes state Si only
if

piω(Si, xi)ciω(Si, xi) ≥ piω(S̄i, xi)ciω(S̄i, xi) (11)

for any control xi ∈ Xi and any outcome ω ∈ Ωi, and for i = 1, . . . , n. Let the
expected immediate cost of a state Si under control xi be

ci(Si, xi) =
∑

ω∈Ωi

piω(Si, xi)ciω(Si, xi)

Thus, we have from (11)
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Lemma 1. Relaxing a state does not increase its expected immediate cost.

We will show that node merger yields a valid relaxed SDD if the merger
operation ⊕ and transition function φ satisfy the following conditions for i =
1, . . . , n:

(C1) For any two states Si and S′
i, state Si ⊕ S′

i relaxes both Si and S′
i.

(C2) If state S̄i relaxes state Si, then φiω(S̄i, xi) relaxes φiω(Si, xi) for any
ω ∈ Ωi and any xi ∈ Xi.
(C3) If state S̄i relaxes state Si, then given any control xi ∈ Xi and any set of
{ηω | ω ∈ Ωi} of numbers, there is a control x̄i ∈ Xi such that

∑

ω∈Ωi

piω(Si, xi)
(
ciω(Si, xi) + ηω

) ≥
∑

ω∈Ωi

piω(S̄i, x̄i)
(
ciω(S̄i, x̄i) + ηω

)
(12)

The argument to follow is simplified if we suppose, without loss of generality,
that a given diagram and its relaxation are fully articulated. This means that the
diagrams contain nodes representing all possible states, even those that cannot
be reached with positive probability. This device will allow us to merge nodes
by changing only the arc probabilities, with no change in the structure of the
diagram. Thus each layer Li+1 of a fully articulated diagram contains all states
Si+1 such that Si+1 = φiω(Si(u), xi) for some node u ∈ Li, outcome ω ∈ Ωi,
and control xi ∈ Xi, even if the probability piω(Si, xi) of reaching Si+1 from u
is zero for all ω, xi.

When two nodes u, u′ ∈ Li+1 are merged to form node û, we leave all nodes
in place but change only the probabilities on arcs from nodes in layer Li to u,
u′, and û. That is, we transfer the probability on any arc (v, u) to an arc (v, û)
with the same label, and similarly for any arc (v, u′). Thus, if u = φiω(v, xi) and
û = φiω̂(v, xi), we set piω̂(v, xi) = piω(v, xi) and then set piω(v, xi) to zero, and
similarly for any arc (v, u′). The following lemma is key.

Lemma 2. If conditions (C2) and (C3) are satisfied, and state S̄k relaxes state
Sk, then the optimal cost to go of Sk is at least the optimal cost to go of S̄k.

Proof. It suffices to show by induction that

hi(Si) ≥ hi(S̄i) (13)

for i = n, n−1, . . . , k. Claim (13) is true for i = n by virtue of Lemma 1, because
hn(Sn, xn) = cn(Sn, xn) for any control xn ∈ Xn. We now suppose (13) is true
for i+1 and show it is true for i. It suffices to show that for any control xi ∈ Xi,
there is a control x̄i ∈ Xi for which

∑

ω∈Ωi

piω(Si, xi)
[
cij(Si, xi) + hi+1(φiω(Si, xi))

]

≥
∑

ω∈Ωi

piω(S̄i, x̄i)
[
ciω(S̄i, x̄i) + hi+1(φiω(S̄i, x̄i))

] (14)

We have from condition (C2) that φiω(S̄i, x̄i) relaxes φiω(Si, xi) for all ω ∈ Ωi.
This and the induction hypothesis imply hi+1(φiω(Si, xi)) ≥ hi+1(φiω(S̄i, x̄i))
for ω ∈ Ωi. Thus to show (14) it suffices to show
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∑

ω∈Ωi

piω(Si, xi)
[
ciω(Si, xi) + hi+1(φiω(Si, xi))

]

≥
∑

ω∈Ωi

piω(S̄i, x̄i)
[
ciω(S̄i, x̄i) + hi+1(φiω(Si, xi))

] (15)

But (15) follows from condition (C3) by setting ηω = hi+1(φiω(Si, xi)) for each
ω ∈ Ωi. �

Theorem 1. If conditions (C1)–(C3) are satisfied, the merger of nodes during
compilation of diagram D results in a relaxation of D.

Proof. Suppose without loss of generality that D is fully articulated, and let D̄
be the fully articulated diagram that results from top-down compilation with
node merger. Also let D̄k be the compiled diagram that results when nodes are
merged only in levels 1, . . . , k. It suffices to show the following inductively for
k = 1, . . . , n:

c(D) ≥ c(D̄k) (16)

This is trivially true for k = 1 because D1 = D̄1. We therefore suppose (16)
is true for k and show it is true for k + 1. Due to the induction hypothesis, it
suffices to show

c(D̄k) ≥ c(D̄k+1) (17)

Let πk be an optimal policy for D̄k, so that c(D̄k) = h1(S1,π
k). We will suppose

that only two nodes u, u′ in layer k+1 of D̄k are merged to obtain a node û, since
the argument can be repeated for additional mergers. The merger transfers the
transition probabilities on arcs to nodes u and u′ to the arcs to û. In addition,
by condition (C1), state Sk+1(û) is a relaxation of both Sk+1(u) and Sk+1(u′).
Thus, by Lemma 2, the optimal cost to go at û is no larger than the optimal
cost to go at u and u′. That is,

hk+1

(
Sk+1(û)

) ≤ hk+1

(
Sk+1(u)

)

hk+1(Sk+1

(
û)

) ≤ hk+1

(
Sk+1(u′)

) (18)

Now due to (18) and the redistribution of transition probabilities into level k+1
of D̄k+1, the cost-to-go hk(v,πk) at any node v in layer k under policy πk is no
less in D̄k than in D̄k+1. This means that the optimal cost h(D̄k) of D̄k is no
less than the expected cost h1(S1,π) of D̄k+1 under policy πk, and is therefore
no less than the optimal cost of D̄k+1. This establishes (17), as desired. �

We can now verify that the merger operations used earlier in the maximum
claim and job sequencing problems yield valid relaxed SDDs.

Corollary 1. The merger operation Si ⊕ S′
i = Si ∩ S′

i results in a relaxed SDD
for the maximum clique problem.

Proof. In this problem, a state Si is the set Si of vertices already selected. We
will say that S̄i relaxes Si when S̄i ⊆ Si. We first observe that the definitional
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requirement (11) for a relaxation is satisfied, by substituting the values given in
(4)–(6) into (11) for the four cases (xi, ω) = (1, 1), (1, 0), (0.1), (0.0).

Now, due to Theorem 1, it suffices to show that conditions (C1)–(C3) are
satisfied. Condition (C1) is obviously satisfied, since Si∩S′

i ⊆ Si and Si∩S′
i ⊆ S′

i.
To show (C2), we suppose that S̄i ⊆ S̄i. Then φi0(S̄i) = S̄i ⊆ Si = φi0(Si) and
φi1(S̄i) = S̄i∪{i} ⊆ Si∪{i} = φi1(Si). Thus, φiω(S̄i) relaxes φiω(Si) for ω = 0, 1.

We now show (C3) with the sense of the inequality reversed, since we are
maximizing rather than minimizing. We note that

∑

ω∈Ωi

piω(Si, xi)
(
ciω(Si, xi) + ηω

)
=

{
η0, if xi = 0(
1 − pi(Si)

)
η0 + pi(Si)(1 + η1), if xi = 1

∑

ω∈Ωi

piω(S̄i, x̄i)
(
ciω(S̄i, x̄i) + ηj

)
=

{
η0, if x̄i = 0(
1 − pi(S̄i)

)
η0 + pi(S̄i)(1 + η1), if x̄i = 1

If xi = 0, we select the control x̄i = 0, and (12) becomes η0 ≥ η0, which
is obviously satisfied. If xi = 1, we consider two cases. We first suppose that
η0 ≥ 1 + η1, in which case we select x̄i = 0. Then (12) becomes

(
1 − pi(Si)

)
η0 + pi(Si)(1 + η1) ≤ η0

which simplifies to η0 ≤ 1 + η1 or η0 ≤ η0, and (12) is therefore satisfied. We
now suppose η0 < 1 + η1, in which case we select x̄i = 1. Then (12) becomes

(
1 − pi(Si)

)
η0 + pi(Si)(1 + η1) ≤ (

1 − pi(S̄i)
)
η0 + pi(S̄i)(1 + η1)

Since pi(S̄i) ≥ pi(Si), this simplifies to η0 ≤ 1 + η1 or 0 ≤ 0, and (12) is again
satisfied. �

The conditions for a valid relaxation simplify when transition probabilities
are state-independent. In this case, it suffices to satisfy (C1) and (C2).

Corollary 2. If conditions (C1) and (C2) are satisfied, and transition probabil-
ities are state independent, then merger of nodes during compilation results in a
relaxed SDD.

Proof. Due to Theorem 1, it suffices to show that condition (C3) is satisfied as
well as (C1) and (C2). In fact, we can show that for any control xi ∈ Xi and any
set {ηω | ω ∈ Ωi}, (12) holds for x̄i = xi. Since transition probabilities are state
independent, we have piω(Si, xi) = piω(S̄i, xi), and (12) becomes

∑

ω∈Ωi

piω(Si, xi)ciω(Si, xi) + piω(Si, xi)ηω ≥
∑

ω∈Ωi

piω(S̄i, xi)ciω(S̄i, xi) + piω(Si, xi)ηω

This follows immediately from (11), and (C3) is therefore satisfied. �

Corollary 3. The merger operation (10) results in a relaxed SDD for the
stochastic job sequencing problem.
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Proof. In this problem, we say that a state (S̄i, f̄i) relaxes a state (Si, fi) when
S̄i ⊆ Si and f̄i ≤ fi. To show that this relaxation satisfies (11), it suffices to
show

ciω

(
(Si, fi), xi

) ≥ ciω

(
(S̄i, f̄i), xi

)

for any xi and ω, because the transition probabilities are state-independent. But
due to (9), this becomes

(
max{rxi

, fi} + txiω − dxi

)+ ≥ (
max{rxi

, f̄i} + txiω − dxi

)+

which holds because fi ≥ f̄i. Conditions (C1) and (C2) can be checked in a
similar manner, and the claim follows due to Corollary 2. �

7 Computational Evaluation

The primary challenge in computational evaluation of SDD bounds is finding
nontrivial instances that can be solved to optimality, so that the tightness of
bounds can be assessed. Unfortunately, the DIMACS instances of the maximum
clique problem are much harder to solve as a stochastic problem, and nearly
all are intractable. We were able to solve only five instances, three of which are
too trivial for evaluation of bounds, and one of which ran for almost 24 h. We
therefore generated a number of random instances that are calibrated in size to be
both tractable and nontrivial. Since state-space enumeration is the only currently
available method for optimal solution, we solved the instances to optimality by
generating an exact SDD, which is essentially state-space enumeration with an
intelligent variable ordering heuristic. We performed tests on both random and
DIMACS instances, the latter mostly without comparison with optimal values.

We generated graphs for random instances by selecting each possible edge
with a specified probability (which determines the average density of the result-
ing graphs). We then randomized the graphs by assigning each edge (i, j) prob-
ability pij = 0.5 + 17ij mod(50)/100. Thus, all probabilities were drawn from
the interval [0.5, 1]. Probabilities were assigned to edges in DIMACS instances
in the same manner.

The size of the relaxed SDDs is controlled by placing an upper bound on
the width (the maximum number of node in a layer). The SDDs are compiled
using the same heuristics as in [7]. In particular, the least attractive nodes on a
given layer are merged until the desired width is obtained, where attractiveness
is measured by the length of the longest path from the root in the deterministic
problem. The rationale for this is that unattractive nodes are less likely to be part
of an optimal solution and can therefore be merged without affecting the value of
that solution. We do not check whether the state resulting from a merger already
occurs at a node in the layer, because such a check is quite time consuming,
although this can result in slightly weaker bounds.

Figure 4 displays the results for the random instances. Each plot shows the
bounds that result from three random instances of different sizes. The bounds are
plotted against the time invested in compiling relaxed SDDs of various widths
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Table 1. DIMACS Instances Tested

Instance Vertices Density Instance Vertices Density

brock200 1 200 0.7417 hamming6-2 64 0.8906

cfat200-1 200 0.0767 johnson8-4-4 70 0.7571

cfat500-1 500 0.0357 keller4 171 0.6453

c125.9 125 0.8913 p hat300-1 300 0.2430

DSJC500 5 500 0.5010 san200 0.7 1 200 0.6965

gen200 p0.9 44 200 0.8955 sanr 0.7 200 0.6934

Fig. 4. Bound vs. time investment for random maximum clique instances. The smallest
(rightmost) bound shown for each instance is the optimal value.
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Fig. 5. Bound vs. time investment for two DIMACS instances solved to optimality.

Fig. 6. Bound vs. time investment for various DIMACS instances, none of which are
solved to optimality.

and computing the optimal expected clique size for each. Each point results from
setting the maximum width to a certain value. The bound is plotted against
the resulting computation time rather than the max width, because this better
indicates the cost of obtaining the bound.3 Nearly all of the computational cost
is incurred by generating and merging nodes. The right-most data point for each
instance represents an optimal solution. The plots indicate that the quality of
the bound degrades rather modestly as the time investment ranges over about
three orders of magnitude. The relationship is not entirely monotone, as would

3 Detailed computational results, including specified max widths, are posted at pub-
lic.tepper.cmu.edu/jnh/CPAIOR2022data.pdf.
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be expected because the quality of the bound depends on the chance effects of
the merger heuristic.

Tables 1 lists the DIMACS instances tested. Figure 5 shows bound-vs.-time
plots for the two nontrivial DIMACS instances solved to optimality. The bound
degradation is again gradual, and it is almost the same over a comparable time
span for the large, difficult instance as for the small, easy instance. Figure 6
contains plots for various additional DIMACS instances, none of which could be
solved to optimality. With one exception, they show a similar pattern of gradual
and roughly logarithmic bound improvement as the time investment increases.

8 Conclusion

We introduced a concept of stochastic decision diagrams (SDDs) and showed how
they can represent discrete stochastic dynamic programming (DP) problems.
In particular, we indicated how state-dependent policies can be understood in
a decision diagram context. Due to the difficulty and importance of deriving
valid bounds for DP models, we focused on extending relaxation technology
that has been developed for deterministic decision diagrams to the stochastic
case, so that these bounds can be available for DP applications. We established
sufficient conditions under which a node merger operation applied during top-
down compilation yields valid relaxed SDDs. These provide optimization bounds
whose quality can be adjusted at will by controlling the size of the relaxed SDD.
As corollaries, we showed that simple node merger rules for stochastic maximum
clique and job sequencing problems satisfy these conditions.

To test the performance of SDD bounding in practice, we computed bounds
for random and benchmark instances of the stochastic maximum clique prob-
lem. We found that the bound quality degrades only gradually as the SDD size
(and the time investment) is reduced. The time-quality relationship is roughly
logarithmic in most cases, which allows one to estimate how much the bound
would improve with further time investment after computing bounds for a few
sample SDD widths.

A number of research directions can be pursued at this point, but two are
particularly interesting. One is to extend to stochastic diagrams the decision-
diagram-based branch-and-bound procedure introduced in [8]. This would pro-
vide a novel alternative to traditional state-space enumeration as an exact solu-
tion method for stochastic DP problems of moderate size.

A second direction is to investigate SDD-derived bounds on costs-to-go in
approximate stochastic DP. The cost-to-go at any state in any stage of the DP
recursion can be bounded by building an SDD that begins with that state at
its root node. The solution of the DP problem would still be calculated on the
basis of estimated costs-to-go, as in traditional approximate DP. Then one would
compute the expected cost of this same policy using SDD-based bounds on the
cost-to-go rather than estimates of the cost-to-go. This would provide a bound
on the quality of the policy obtained by approximate DP.
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