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In this paper we consider the problem of determining lower and upper bounds on prob- 
abilities of atomic propositions in sets of logical formulas represented by digraphs. We 
establish a sharp upper bound, as well as a lower bound that is not in general sharp. We 
show further that under a certain condition the lower bound is sharp. In that case, we 
obtain a closed form solution for the possible probabilities of the atomic propositions. 

1 Introduction 

In Andersen [1], a class of  logical formulas representable by digraphs were described. 
Suppose a digraph has n nodes. Then an atomic proposition is assigned to every node 
and it is possible to construct a set o f  n logical formulas using those n atomic propo- 
sitions. This construction will be considered in more detail in section 3. Andersen 
considers in [1] the problem of  characterizing the probabili ty assignments that can 
consistently be made to a given set o f  formulas.  He provided a closed-form charac- 
terization that is valid when the formulas in question are represented by a digraph 
with a perfect or a t-perfect underlying undirected graph. However, no effort was made 
to determine lower and upper bounds on the probabilities of  the atomic proposit ions 
that are associated with the nodes in the digraph. This is the theme of  the present 

paper. 
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The results of the present paper are as follows: 

• A sharp upper bound on the probability of the atomic propositions associated with 
the nodes in the digraph is given. 

• A lower bound on the probability of the atomic propositions associated with the 
nodes in the digraph is given when the digraph is acyclic. The lower bound is not 
always sharp. 

• When the digraph is acyclic and the sum of the probabilities of the logical formu- 
las represented by the digraph is sufficiently high, then the lower bound is sharp. 
So in this particular case an exact probability interval for the possible probabili- 
ties of the atomic propositions can be given (both the lower and upper bound are 
attained). 

The outline of the paper is as follows. In section 2 a short introduction to 
probabilistic logic is given. In Chandru and Hooker [3] a more thorough treatment is 
given. In this section we just define the inference problem in probabilistic logic and 
illustrate it by using a small example. 

In section 3 the class of logical formulas representable by digraphs is defined. In 
fact, every digraph gives rise to a set of logical formulas. The definitions are illus- 
trated by small examples. Furthermore, the main results of Andersen [1] are given. 

It should be emphasized that the digraphs described in this paper represent sets of 
logical formulas and do not represent probabilistic dependence or independence rela- 
tions among logical propositions. The latter is the case in Bayesian networks (also 
called Belief networks). Let us suppose we have a Bayesian network with three nodes 
and two arcs. One arc goes from node 1 to node 3 and the other arc goes from node 
2 to node 3. Then this means that node 3 depends probabilistically on nodes 1 and 2, 
and, furthermore, the network shows that nodes 1 and 2 are probabilistically inde- 
pendent. A thorough treatment of Bayesian networks is given in Pearl [7]. It is also 
possible to extend probabilistic logic so as to reflect dependence and independence 
relations among propositions, where the relations are described using a Bayesian 
network. This approach is described in detail in Andersen and Hooker [2] and is called 
Bayesian logic. 

Finally, in section 4 the main results of the present paper are described. The upper 
and lower bounds on probabilities are proven and are illustrated using small examples. 
Furthermore, examples are given to show that when the conditions in the lemmas and 
theorems are not fulfilled, the results are not necessarily true. 

2 An introduction to probabilistic logic 

As is well known, ordinary propositional logic is two-valued, because a formula can 
have only one of two possible truth values. In probabilistic logic, reintroduced by 
Nilsson [6], formulas can be assigned infinitely many truth values. The truth value 
assigned to a formula is the probability of the formula being true. 
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A possible world is an assignment of truth values, true or false, to every atomic 
proposition. For example, (xl, x2, x3) = (1, 0, 1) is a possible world (xl, x2 and x3 are 
atomic propositions, 1 denotes true and 0 denotes false). In propositional logic, a 
model  is simply a possible world. In probabilistic logic, a model is an assignment of 
probabilities to every possible world. The probabilities are nonnegative and sum to 
one, and the probability of a given formula is the sum of the probabilities of those 
possible worlds in which the formula is true. 

Example 1 
Suppose we have a tiny knowledge base consisting of  three formulas 

xl, (1) 

x2, (2) 

(XlAX2)----)x3, (3) 

where xl, x2 and x3 are atomic propositions, "A" is the logical connective "and" and 
"--->" is the logical connective "implies". For example, Xl and x2 might represent two 
distinct symptoms and x 3 might represent a particular disease. The third formula then 
reads that if a person has the two distinct symptoms, then this implies that the person 
has the particular disease, too. 

A model  is given in table 1. 

Table 1 

A model. 

Possible world 
(Xl, X2 ' X3 ) PF. X 1 X 2 (X I A X2) -'~ X 3 

(0, 0, 0) 0.2 0 0 1 

(0, 0, 1) 0.2 0 0 1 

(0, 1, 0) 0.1 0 1 1 

(0, 1, 1) 0.05 0 1 1 

(1, 0, 0) 0.15 1 0 1 

(1, 0, 1) 0.2 1 0 1 

(1, 1, 0) 0.05 1 1 0 

(1, 1, 1) 0.05 1 1 1 

Let p = ( P l  . . . . .  P8) denote the probabilities of the eight possible worlds and let 
zc= (~1, z~2, z~3) denote the probabilities of the formulas (1)-(3) .  Then there are the 
following connections between p 's  and ~'s: 
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P5 +P6 +P7 +P8 =tel,  

P3 + P4 + P7 + P8 = lr2, 

Pl + P2 + P3 + P4 + P5 + P6 + P8 = if3, (4) 

Pl +P2 +P3 +P4 +P5 +P6 +P7 +P8 =1.0, 

Pi > O, Vi. 

The first equation in (4) says that the probability of the formula xl should be equal to 
tr I because xl is true in the last four possible worlds. Similarly, the second and the 
third equations in (4) say that the probabilities of  x2 and (Xl A x2) ~ x3 should be 
equal to ~2 and ~3, respectively. The last two equations in (4) express the fact that the 
p 's  should constitute a probability distribution. In this particular example, 7r = (0.45, 
0.25, 0.95) is a valid assignment of probabilities to the formulas in the database. 

Now suppose we want to determine the probability of formula x3. Clearly, the 
probability o f x  3 is equal to P2 + P4 + P6 + Ps. So one possibility for the probability of 
x3 is 0.5. In general, the following linear programming problems determine the range 
of possible probabilities for x3: 

min / max P2 + P4 + P6 + P8 

subject to (4). 

It turns out that the three formulas (1)- (3)  in the database can be represented by a 
digraph (this is described in detail in section 3), namely the one in figure 1. 

Figure I. 

From results in Andersen [1] (and reviewed as theorem 2 in section 3 in this 
paper), it follows that (4) is satisfiable iff 7r 1 + lr 3 > 1 and lr 2 + 7r 3 > 1. Furthermore, 
results in this paper show that the minimal probability of x3 is equal to max{ 0, 7r I + 
lr 2 + zc 3 - 2} and that the maximal probability of x3 is equal to ~3. 

Notice that the digraph in figure 1 represents the logical formulas (1) - (3)  and 
does not say anything about dependence or independence. I f  figure 1 were a Bayesian 
network then it would mean that the probability of node 3 depends probabilistically 
on the probabilities of  nodes 1 and 2 and, furthermore, that nodes 1 and 2 are proba- 
bilistically independent. [] 
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In general, suppose there are n atomic propositions and m formulas. Then there 
are N = 2 n possible worlds. Let p = (p l  . . . . .  p N )  t be the distribution of probabilities over 
possible worlds (the exponent t means transpose). Then the probability of a given 
formula is a • p, where a is a binary vector indicating in which possible worlds the 
formula is true. For formula xx in example 1, we have a = (0, 0, 0, 0, 1, 1, 1, 1). Now 
let the matrix A consist of  rows ai, i = 1 . . . . .  m. The  ith row indicates in which possi- 
ble worlds the i th formula is true. Denote zr = (~l,-.., ~m)t, where lr i is the probability 
of the ith formula in the model. Then there is the following connection between A, p 
and lr: 

A p = ~ z ,  e t p = l ,  p > O .  (5) 

In (5), the connection Ap  = z~ expresses the fact that the probability of a given for- 
mula should be equal to the sum of the probabilities of  those possible worlds in which 
the formula is true. The last two statements in (5) mean that the vector p = (Pl . . . . .  PN) t 

should be nonnegative and the sum of the coordinates should be equal to one (e is the 
N-vector with all entries equal to 1). So what (5) really says is that zc makes the 
system satisfiable iff ~z is a convex combination of the columns in A. 

In example 1, we had 

0 0 0 0 1 1 1 1 ]  

A =  0 0 1 1 0 0 1 1 . I  

1 1 1 1 1 1 0 1 

The inference problem in probabilistic logic is the following one: 

min / max a . p  

subject to (5), 

where a is the binary vector indicating in which possible worlds the formula for which 
we want to determine its upper and lower probability is true. In the example we have 
a = ( 0 ,  1,0, 1,0, 1,0, 1). 

3 Logical formulas associated with digraphs 

A directed graph D = ( V ,  A )  consists of a finite set V =  {1, 2 ..... n} and a set 
A = {el,...,em}. V is called the nodeset of  the digraph D.  The elements of  A are 
ordered subsets of  size 2 of V. These elements are called arcs. The underlying graph 
G = (V, E) is the graph on the same nodeset V and with edgeset E. E is equal to A 
except that the subsets of V are not ordered. 

In the following, we shall with every directed graph associate a set of logical 
formulas. We say that the digraph represents the set of formulas. The set of  logical 
formulas that can be represented by digraphs is a subclass of the widely used Horn 
formulas. 
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Figure 2. 

Example 2 
We consider the directed graph of figure 2, which represents the following set of  
logical formulas: 

Node 1: xl 

Node 2: x2 

Node 3: (Xl A x2 ) ---) x3 

Node4:  x2 ---) x4 

Node 5: (x3 A x4) ---) x5 []  

Given a digraph it represents the following set of logical formulas: 

• If a node, say node k, has no incoming arcs, then it represents the formula Xk. 

• If a node k has several incoming arcs, say from nodes il, i2 ..... i r, then node k 
represents the formula (xi, A Xi2... /k Xir ) ~ X k. 

It should be noticed that the underlying graph of a digraph in principle represents 
several sets of  logical formulas, namely one for each different orientation of the arcs 
(two digraphs are different if they are not isomorphic). For example, figure 3 is ob- 
tained from figure 2 by altering some of the directions of the arcs. The digraph in 
figure 3 represents the following set of  logical formulas: 

Node 1: x3 --) Xl 

Node 2: (x3 A x4 ) ~ x2 

Node 3: x5 ---) x3 

Node4:  x5 ---) x4 

Node 5: x 5 
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Figure 3. 

Assume that we have been given a set of logical formulas represented by a di- 
graph. It would be interesting to somehow characterize A in the system (5). In fact, 
this has been done in Andersen [1]. Here, a characterization of the set of distinct 
columns of A is given as the 0 - 1  solutions to a certain linear system; see theorem 1 
below. It turns out that if the underlying graph is either perfect or t-perfect, that result 
can be used to give a closed form solution set to the consistency problem in proba- 
bilistic logic for the set of formulas represented by the digraph. These results are given 
in theorems 2 and 3, respectively. The proofs of the theorems are somewhat technical 
and will not be reviewed in this paper. Before giving the results, a small illustrative 
example is given. 

Let the nodes in the digraph be denoted by { 1, 2 ..... n }. Let xi ,  i = 1 . . . . .  n,  denote 
atomic propositions, one for each node in the digraph. Finally, let Yi,  i = 1 . . . . .  n ,  

denote the truth values of the logical formulas associated with each node. The truth 
value of a particular formula F is denoted by v ( F ) .  

Example 2 (continued) 
Let us consider the logical formulas associated with figure 2. We have five atomic 
propositions and five logical formulas. Now assign to each of the five nodes in the 
digraph a y-variable. The y's should be the truth value of the formulas corresponding 
to the nodes. In this particular example, we have 

Node 1: 

Node 2: 

Node 3: 

Node 4: 

Node 5: 

Yl = V(Xl  ) 

Y2 = v(x2) 

Y3 = v((Xl A x 2) ~ x 3) 

Y4--" 1)(x2 ~ x4)  

Y5 = v((x3 A x4) --4 x 5 ) 
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It turns out that the set of distinct columns in A are exactly the set of 0 - 1  solutions 
to the following set of equations: 

Yl + Y3 > 1, 

Y2 + Y3 > 1, 

Y2 + Y4 > 1, 

Y3 + Y5 > 1, 

Y4 + Y5 > 1. 

In fact, the above equations can be rewritten as: { y ~ B ~ ] Dy > e }, where D is the arc- 
node incidence matrix for the underlying graph of the digraph, B is the set of  {0, 1 } 
vectors and n is the number  of nodes (or formulas). []  

In example 2, we noticed that the set of distinct columns of A could be character- 
ized using the arc-node incidence matrix for the underlying graph of the digraph. This 
is true in general, as theorem 1 below shows. 

Theorem 1 [1] 
Suppose we have a set of n logical formulas represented by a connected digraph on 
n nodes. The ith formula is the one corresponding to node i in the digraph. Then 
the set of  distinct columns of A is exactly the set of solutions to the system 
{ Y ~ B n I D y  > e }, where D is the arc-node incidence matrix for the underlying graph 
of  the digraph. []  

In fact, theorem 1 can be used to solve the satisfiability problem for some classes 
of logical formulas represented by digraphs, among them formulas represented by 
digraphs where the underlying undirected graph is perfect (theorem 2) or t-perfect 
( theorem 3). I f  J _C_ { 1 .....  n}, then I JI denotes the number  of elements in J. 

Theorem 2 [ 1] 
Suppose we have a set of logical formulas represented by a connected digraph on n 
nodes. Suppose that the underlying graph G is perfect. Then {Ap = lr, etp = 1, p > 0} 
is satisfiable if and only if nr ~ {x E [0, 1 ] " l D x  > e, 3".j~ Q x j - - - I Q I - 1 ,  for all maxi- 
mal cliques Q in G }, where D is the arc-node incidence matrix for G. []  

Theorem 3 [1] 
Suppose we have a set of logical formulas represented by a connected digraph on n 
nodes. Suppose that the underlying graph G is t-perfect. Then {Ap = r;, e 'p = 1, p > 0} 
is satisfiable if and only if ~zE {x E [0, 1]hi Dx > e, Y j ~ c x j  > (I C[ + 1)/2, for all odd 
circuits C in G }, where D is the arc-node incidence matrix for G. []  
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We will not discuss the properties of perfect or t-perfect graphs here. These two 
classes of  graphs are well discussed in Grt~tschel et al. [4]. The book describes among 
other things several well-known classes of graphs which are perfect. It also describes 
how to recognize these graphs. In particular, if one can tell if a given graph is perfect 
or t-perfect, then theorem 2 or theorem 3 can be used to determine if a given assign- 
ment  of  probabilities to the logical formulas represented by the graph is consistent 
(meaning that (5) is feasible). 

4 Probability bounds for atomic propositions associated with digraphs 

Before proving our theorems, we shall illustrate the results in the following small 
example. 

Example 3 
We again consider the directed graph in figure 2. Now to each of the five formulas 
represented by the digraph we give a probability number, denoted by ~r= 
(~1, ~r2, ~r3, ~4, ~5). We will assume that the resulting probabilistic logical problem 
(5) is feasible. In fact, the graph in figure 2 is perfect and it follows from theorem 2 
in section 3 that (5) is feasible iff: 

~1 +/173 >- 1, /172 -t- /r 3 >_ | ,  7¢ 2 +/174 _> 1, ~3 + 7r5 > 1 a n d  /174 +/175 >_ 1, 

where 
(Node 1 :) 

(Node 2 :) 

(Node 3 :) 

(Node 4 :) 

(Node 5 :) 

Pr(Xl ) = ~1 

P r ( x 2 )  = 7r 2 

Pr ( (x  1 A x 2 ) --) x 3 ) = ~3 

P r ( x  2 --9 x 4 )  -- ~ 4  

Pr( (x  3 A X 4)  ~ X 5) : ~5 

We want to determine the probabilities of formulas xl . . . . .  xs. The first two probabili- 
ties are given with the digraph. In this particular example, it will be demonstrated that 

and that 

max P r ( x  3 ) = ~3 

max  P r ( x  4) = ~4 

max P r ( x  5) = ~5 

rrhn P r ( x  3 ) >_ max{O,/171 -I- ~2 +/173 -- 2,1 - 7r 5 } 

m i n P r ( x 4 )  >_ max{O, ~2 + z¢4 - 1,1 - ~Zs} 

rffln P r ( x  5 ) > max{0, 7r I + ~2 + ~3 + ~4 -I-/l: 5 - -  4} 

Table 2 shows the set of possible worlds and the associated probabilities for this 
example.  The probabilities of the possible worlds are denoted by Pl,  P2 . . . . .  P32. How- 
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ever, in determining the probability bounds for the propositions x3, x4 and x5, it is not 
necessary to consider all 32 possible worlds. For example, we only need 16 possible 
worlds to determine the probability bounds for x 3. For convenience we denote the 
probabilities of these 16 possible worlds by Pl, P2 .....  PI6 even though it is not the 
first 16 possible worlds in table 2. The same thing has been done when establishing 
the probability bounds of x4 and xs. 

Probability bounds for  x3 
The linear programming problem is 

rrfm / max c p 

subject to A p = re, 

16 

E Pi = 1, 
i=I  

Pi >_0, i = 1  . . . . .  16, 
where c and A are given as 

(6) 

c = { O  0 0 0 0 0 1 1 1 1 1 1 1 1 1 1} ,  

A = 

0 0 0 1 1 1 0 0  0 0 0 1 1 1 1 1 t 
0 1 1 0 1 1 0 0 1 1 1 0 0 1 1 1 

1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 . 

1 0 1 1 0 1 1 1 0 1 1 1 1 0 1 1 

1 1 1 1 1 1 1 0 1 0 1 1 0 1 0 1 

Notice that duplicate columns have been removed from the program (two columns 
are duplicate if they occur with the same coefficients in both the objective function 
and in the constraints). The above 16 columns correspond to the possible worlds 1, 9, 
11, 17, 25, 27, 5, 7, 13, 15, 16, 21, 23, 29, 31 and 32, respectively. 

Obviously the probability of x3 is at least 0. From the fifth row in the program, 
we see that 

Pl  + P2 + P3 + P4 + P5 + P6 </1:5 

6 16 
rC5 + Pr(x3)  > ~,j=l PJ + ~ j = 7  PJ = 1 

Pr (x  3 ) > 1 - r¢ 5 

(The reason the fifth row was used here is that if v(x 3) = 0, then v((x3 A X4) --~ X5) = 1, 
which in turn implies that Pr(x3) + Pr((x3 A x4) ---> xs) > 1.) 

We now show that the lower bound probability for x3 is at least lr 1 + lr 2 + lr 3 - 2. 
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Summing the first three equations in the program results in 

Pl + 2p2 + 2p3 + 2p4 + 2p5 + 2p6 + P7 + P8 + 2p9 + 2p10 + 2pl] 

+ 2p12 + 2p13 + 3p]4 + 3p15 + 3p]6 = ~l + t¢2 + 7r3 

E~6=I Pj + Pin + P15 + PI6 -> /171 +/172 + ~3 2 

11 
PI4 + P15 + PI6 >- ffl + if2 + ~3 -- 2 

Pr(x3) = P7 + . - .  + PI6 > 7Cl +/r2 +/r3 - 2 

We next want to show that the upper probability bound for x 3 is given by 7r 3 and that 
this maximal probability is attained. Obviously, zc 3 is an upper bound (if v(x3) = 1, 
then also v((x I A x2) ---> x3) = 1). Now notice that if (x I A x2) ---) x 3 is true in the ith 
column in A with the ith objective function coefficient equal to zero, then there is 
another column in A, say the j th,  such that the ith and the j th  column are equal and 
the j th  objective function coefficient is equal to 1 (this is true in general, as proposi- 
tion 1 in this section shows). Therefore, if Pi is positive, then we can construct an- 
other feasible p-vector by just adding the value ofp i  to the value o fp j  and then setting 
the new value ofp i  equal to zero. In this way we obtain a solution, such that positive 
p 's  occur only in the third row (the (x 1 A x2) --~ x 3 row) when there is also a 1 in the 
corresponding c-coefficient. But this gives a feasible solution with value if3. 

Probability bounds fo r  x 4 
The linear programming problem is 

m i n / m a x  

subject to 

where c and A are given as 

cp 

A p  = ~, 
14 

E Pi = 1, 
i=1 

Pi ->0,  i = 1,. . . ,14, 

c={O 0 0 0 0 1 1 1 1 1 1 1 1 1}, 

f 
O 0 1 1 1 0 0 0 0 1 1 1 1 1 l 
0 1 0 1 1 0 0 1 1 0 0 1 1 1  

A =  1 l 1 0  l 1 1 1 1 1  l 0 l 1 . 

1 0 1 0 0 1 1 1 1 1 1 1 1 1  l 
1 1 1 1 1 1 0 1 0 1 0 1 0 1  

(7) 



K.A. Andersen, J.N. Hooker / Probabilities of atomic propositions 13 

Obviously, the probability of x4 is at least 0. From the fifth row in the program, we 
see that 

Pl + P2 + P3 + P4 + P5 < /1;5 

+ P r ( x 4 ) >  ~,Si=lP j + ~,li4__6pj = 1 7¢ 5 

Pr(x4 ) > 1 - zc 5 

We now show that the lower bound probability for x4 is at least 7r 2 + lr 4 - 1. 
Summing the second and the fourth equations in the program results in 

Pl + P2 + P3 + P4 + P5 + P6 + P7 + 2P8 + 2p9 + Plo + Pll 

+ 2p12 + 2p13 + 2p14 = /~2 d-/17 4 

P8 + P9 + P12 + Pl3 + P14 = / r 2  + g4  - 1 

Pr(x4) = P6 + - - .  + P14 > / r 2  + ~4 - 1 

We also need to show that the upper bound on the probability of x4 is equal to zc 4. 
However, exactly the same argument that we used in the case of x3 also applies in this 
case. 

Probabili ty bounds for  x5 
The linear programming problem is 

where c and A are given as 

rffm / max c p 

subject to A p = ~, 

19 

Z Pi = 1, 
i=1 

Pi >0,  i = 1 , . . . , 1 9 ,  

c = { 0  0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1}, 

f 
0 0 0 0 0 1 1 1 1 1 1 0 0 0 1 1 1 1 1ll 
0 0 1 1 1 0 0 1 1 1 1 0 1 1 0 1 1 1 1 

A =  1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 0 0 1 1 

1 1 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1 0 1 

1 0 1 1 0 1 0 1 1 1 0 1 1 1 1 1 1 1 1 

(8) 
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Obviously, the minimal probability of  x5 is at least 0. So let us show that it is also at 

least Zrl + if2 + ff3 + if4 + zc5 - 4. 
Summing the five equations in the program results in 

3pi + 2p2 + 3p3 + 4p4 + 3p5 + 4p6 + 3p7 + 3p8 + 4p9 + 4p10 + 4pl l  + 3p12 

+ 3P13 + 4p14 + 4p15 + 3p16 + 4p~7 + 4p18 + 5p19 = ZCl + ZC2 + Z¢3 +/[4 + / 1 7 5  

From this we obtain 

4(pl + . . .  + P18 ) + 5p19 > n:l + Z¢2 + n:3 + n:4 + n:5 

4(pl  + . . .  + P19 ) + P19 >/171 +/1:2 +/1:3 + 1174 + 1175 

P19 >/l:1 + 1172 + 1173 +/I74 +/175 - -  4(pl + . . .  + P19 ) 

This shows that P19 ->/171 +/12 +/13 +/14 +/[5 - 4. 
Noticing that P r ( x s )  = P12 + ..- + Pig, we see that a lower bound for P r ( x s )  is 

given by ~1 + re2 + zc3 + nr4 + ~5 - 4. 
We need to  show that the upper bound of  the probability of  xs is equal to 7r 5. Also 

in this case, the same argument that was used for x3 applies. [ ]  

We are now in a position to prove the results illustrated in example 3. We start by 
finding the upper bound probability of  the atomic propositions associated with a di- 
graph (theorem 4). To do that we need the following simple proposition. 

Proposition 1 
Assume that there is a column i in A with the property that v((xi~ A .. .  A Xir) --* Xk) = 1 

and v (xk )  = 0. Then there is another column j in A with the property that column j is 
equal to column i and V(Xk) = --1. 

P r o o f  

Assume that v((x i ,  A . . .  A Xir) ---> Xk) = 1 and V(Xk) = O. 

It has been shown in Andersen [1] that if y is a column in A then it can be 
generated using the possible world x defined by v ( x j )  = yj ,  j = 1 . . . . .  n. Now let y be 
the ith column in A. Then the possible world x defined by v (x j )  = yj ,  j = 1 . . . . .  n, will 
generate a column equal to the ith column in A but with the property that V(Xk) = 1. 

This proves the result. [ ]  

In theorem 4, lemma 1 and lemma 2, the following assumption is used. 

Assumption 
A set of  n logical formulas represented by a connected digraph on n nodes is given. 
The ith formula is the one corresponding to node i in the digraph. It is assumed that 
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the probabilistic logical problem is feasible, that is, Ir is chosen such that the system 
{ A p  = Ir, etp = 1, p > 0} is non-empty. 

I f  the graph is perfect (t-perfect), then theorem 2 (theorem 3) presented in 
section 3 can be used to determine whether the assumption is satisfied. 

Theorem 4 
Assume that the kth formula is given by: (x i t /x  ... ^ xi ,)  ---> Xk. Then the maximal 
probability of Xk is equal to Irk. 

P r o o f  
We first observe that Pr(xk )  < Pr((xi t  A ... A Xir) ---> Xk). This follows from the fact 
that if V(Xk) = 1, then also v((xil  /X ... A xir) ---> xD = 1. We therefore need to estab- 
lish that some feasible solution p to the system (5) has the property that Pr(Xk)  
= Pr((xi l  A ...  A Xir) ---> Xk). From this the result will follow. 

Assume that p is a feasible solution to the system. Then p has the property that 
Pr((xi~ A .. .  A Xir ) --4 Xk) = lr k. Now assume that some Pi > 0, where i is some 
column in A with the property that v((xi ,  A ... /X x i )  ---> Xk) = 1 and V(Xk) = 0. Using 
proposition 1, we notice that there exists some other column j in A with the property 
that column i is equal to column j and such that V(Xk) = 1. Therefore, we just  con- 
struct another p-vector, say p, defined as follows: 

p j  + p~ if I = j ,  

Pt = 0 if l = i, 

Pl otherwise. 

Clearly, this procedure produces a sequence of feasible p-vectors. The procedure ends 
with a feasible p-vector  with the property that Pr(xk )  = Pr(((x i t  A ... A xi~) ---> Xk). 
This completes the proof. []  

We next want to determine the lower bound probabilities on the atomic proposi- 
tions associated with a digraph (lemma 1). It turns out that it is necessary to assume 
that the digraph is acyclic (in this case, the nodes of the digraph can be labeled such 
that each arc goes f rom one node to another node with a higher number). Also, the 
lower bound probability is not necessarily attained. However, a condition on the graph 
can be imposed such that the lower bound is actually attained ( lemma 2). 

L e m m a  1 
Consider some particular node, say node k. Furthermore, consider all directed paths 
f rom nodes in the acyclic digraph to node k. Assume that there are directed paths f rom 
nodes il . . . . .  ir to node k. Then a lower bound on Pr(Xk) is given by 

{ r } 
max O, m a x { 1 -  z r j l ( k , j ) E  A } ,  X gi~ + gk  - r  . 

j= l  
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Proof  
Clearly, Pr(Xk) > O. 

Next assume that (k, j )  E A and assume that node j represents the formula 

(Xk A x jl A . . .  A xj, ) ---> x j ,  

where (Jl ,J)  E.;~t .... .  (Js,J) E A .  If V(Xk) =0,  then v((Xk A xj, A ... A xj.,) ---> xj) = 1. 
But then Pr(Xk) + Pr((xk A xj, A ... Axjs) --) xj) > 1. This shows that Pr(xk) > 1 - rcj, 
(k, j )  E A .  

A has the following structure: 

B ~ C} 
A = . . . . . .  ° 

D ! E 

A has been partioned into four matrices, namely B, C, D and E. We assume that the 
first (r + 1) rows of A correspond to formulas for nodes ii ..... it, k. The remaining rows 
are for the formulas corresponding to nodes from which there are no directed path to 
node k. Assume that the number of columns in A in which the first (r + 1) elements 
is 1 is given by al and that these al columns are the first colunms in A. Then the 
dimension of B is (r + 1) x al,  the dimension of C is (r + 1) x ( N -  al), the dimension 
of  D is (n - r -  1) x al ,  and finally the dimension of E is (n - r -  1) × ( N -  al).  
Furthermore, all entries in B are equal to 1. 

We need to show that Pr(Xk) > ~ = 1  ~Zij + ~Zk -- r for every feasible solution p. 
We start by noticing that if the formulas corresponding to nodes il ..... ir, k are all 

true, then V(Xk) = 1. This follows easily from the fact that the digraph is acyclic. 
Now summing rows 1 through (r + 1) of  A yields (N = 2 n) 

al N r 

(r + 1) ~ pj + Z c jp j  = Z ~ij q- ~l~k" 
j=l j=al+l j=l 

Here, all cj's are numbers between 0 and r. Therefore, we get 

But this means 

Therefore, 

al N r 

( r + l )  Z p j + r  Z PJ>- Z ~ i j  +~k" 
j = l  j = a l + l  j = l  

al N r 

Z PJ + r Z  PJ > Z ?Cij + 7Ok" 
j=l j=l j=l 

tll r 

Z PJ >- E ~ij + lrk -- r, 
j=l j=l 
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which in turn implies 
a I r 

Pr(Xk)>-  ~ P j >  ~ i ~  +~zk - r .  
j=l j--I 

This proves the lemma. [] 

We now prove that the lower bound probability of the atomic propositions asso- 
ciated with the nodes in a digraph can actually be attained ( lemma 2). Under the 
condit ion in lemma 2, we can therefore give the exact probability interval of the 
atomic propositions (corollary 1). 

L e m m a  2 
Assume that ~ =  1 ~j > (n - 1). Let k E { 1, 2,... ,  n } and assume there are directed paths 
f rom nodes il ... . .  ir to node k in the acyclic digraph. Then the minimal probability of 

r 
formula xk is equal to ~ j  = l rcij + ~k - r. 

P r o o f  
If ~7=1 n:j > (n - 1), then also ~jEj~j  > (IJI - 1), where J C { 1 ..... n}. In particular, 
~,~= 1 lrij + 7rk > r. It follows from lemma 1 that we only need to show that there is a 

r feasible vector p to (5) such that Pr(xk) = ~j= l rcij + rCk - r (the condition also implies 
that if (k, j)  E A ,  then Ej=I ?[ij + 7~k - -  r > (1 - ~zj)). 

Consider the following set of (n + 1) columns in A: 

0 1 1 ... 1 1 ]  1 
1 0 1 ... 1 1 2 
1 1 0 ... 1 1 3 
i : : "'. : i : 
1 1 1 ... 0 1 n 

It follows from theorem 1 that these columns are in fact present in A. 
To these columns we distribute the probabilities: 

1 - ~ 1 , 1 - ~ 2  . . . . .  l - ~ n , ~ j  - ( n - l )  . 
] - - 1  

All other columns in ,4 are given the probability 0. It is easily seen that this assign- 
ment of  probabilities satisfies (5). 

We now find (n + 1) possible worlds that generate the above (n + 1) columns 
in ,4. 

• Column k. 

This column is generated by the possible world 



18 K.A. Andersen, J.N. Hooker/Probabilities of atomic propositions 

0 if j = k ,  
v (x j )  = 1 otherwise. 

In particular, v(xk) = O. 

• Column i, where i E {1, . . . ,n}\{i l  ..... it, k}. 

Then the ith column is generated by the possible world 

0 if j = i ,  
v(xj  ) = 1 otherwise. 

In particular, v(xk) = 1. 

• Column i, where i ~ {il ..... Jr}. 

Assume that there is a directed path from node i to node k using nodes sl ..... st 
in that order (so sl, . . . ,  st E { il ..... ir}), i.e. the path is i --+ sl ---> ... --+ st ---> k. Then 
the ith column is generated by the possible world (using the fact that the digraph 
is acyclic) 

0 if j E {i, sl . . . .  , st, k}, 

v(x j )  = 1 otherwise. 

In particular, V(Xk) = O. 

• Column (n + 1). 

This column is generated by the possible world (31:1 . . . . .  Xn) = (1 ..... 1). 
In particular, V(Xk) = 1. 

We have now found (n + 1) possible worlds which generate the chosen (n + 1) 
columns in A. We have also found the corresponding truth value of xk. 

With the chosen assignment of  probabilities to the above-mentioned possible 
worlds, the corresponding probability of Xk can be calculated: 

l / Pr(Xk ) = Z (1 - Zj  ) + Z / r j  - (n - l) 
j e {l . . . . .  n} \ {il . . . . .  ir ,k} j = 1 

n 

=(n-r - I ) -  ~ z j +  ~ _ ~ z j - ( n - 1 )  
/ e { l  . . . . .  n } \ { i  I . . . . .  it ,k} j = l  

r 

-~ 2 Jrc i j "b ~ k -- r. 
j = l  

This proves the lemma. []  

This lemma gives rise to the following corollary. 

Corol la ry  1 
Suppose the assumptions in lemma 2 are fulfilled. Then: Pr(xk) ~ [ ~ =  1 zi i + Zrk - r, 

Zk]. 
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Proof 
This follows directly from theorem 4 and lemma 2. []  

It is interesting to note that the lower bound probability of Xk in corollary 1 
depends only on the sum of the probabilities of the logical formulas and not on that 
of any particular formula, as long as the sum of the probabilities is at least (n - 1). 

The following example illustrates that the result in lemma 1 is not necessarily 
true if the digraph is not acyclic. It also shows that the lower bound probabilities given 
in lemma 1 are not sharp even if the digraph is acyclic. 

Example 4 

F i g u r e  4. 

The digraph in figure 4 corresponds to the formulas 

x 1 ----> x 2 

x 2 ----> x 3 

x 3 ----> x 1 

Suppose that the probabilities (zr 1, zr 2, zr 3) = (0.8, 0.8, 0.8). In this case, the minimum 
probability of x I is 0.2, and lr 1 + zr 2 + zr 3 - 2 = 0.4 (lemma 1 does not work here). 

As another example, consider the directed graph in figure 2. 
Assume that (zq, zr 2, zr 3,/174, /175) = (0.5, 0 .55,  0.6, 0.65, 0.8). The minimum prob- 

ability of  x 4 in this particular case is 0.25. Furthermore, lr 2 + zr 4 - 1 = 0.2, and 1 - zr 5 
= 0.2. We see that we can only give a lower bound on the probability of  x4 and not the 
exact lower probability number. 

One could imagine that lemma 2 would also be true if for a particular end-node 
k it is true that Y.~__ln:q + rck-r>O, where ii ..... i r is the set of  nodes from which 
there exists a directed path to node k. However, this is not true, as illustrated below. 
Consider the digraph in figure 5. This digraph corresponds to the formulas 

X1 

X 1 ---> X 2 

X 2 ~ X 3 

X 2 --~ X 4 
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71" 1 

Figure 5. 

Suppose that the probabilities (~1, l~2, if3, if4) = (0.7, 0.8, 0.7, 0.4). If one could use 
lemma 2, in this case the minimum probability of x3 should be equal to 7r I + 7r 2 + zr 3 
- 2 = 0.7 + 0.8 + 0.7 - 2 = 0.2. However, the correct minimal probability is 0.3. []  

It can be explained why lemma 1 (and lemma 2 and corollary 1) does not work 
for a digraph like the one in figure 4. Notice that in figure 4 there is a directed path 
from node 1 to node 1 passing through all other nodes in the digraph. In the proof  of  
lemma 1 we used the fact that if all the formulas corresponding to nodes on a directed 
path to node k were true for a possible world, then also V(Xk) = 1 (in the example, 
k = 1). However,  this is not true in the example because the possible world (xl, x2, x3) 
= (0, 0, 0) makes all three logical formulas in figure 4 true (but v(xl)  = 0). The same 
reasoning applies, of  course, for any digraph which contains a directed cycle (of 
length at least 2). This is the main reason why we have to require that the digraphs are 
acyclic in order to prove results like those in lemma 1, lemma 2 and corollary 1. 

5 Conclusion 

In this paper it has been demonstrated how to find probability bounds for atomic 
propositions associated with digraphs. It has been shown that the upper bound can be 
calculated exactly, whereas in most cases it is only possible to find lower bounds 
which are not necessarily attained. An exception occurs when the probabilities of  the 
logical formulas in question are sufficiently high. In that case, an exact probability 
interval for the possible probabilities of  the atomic propositions can be given. 
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