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Abstract

Several logics for reasoning under uncertainty distribute “probability mass” over sets in some sense. These
include probabilistic logic, Dempster-Shafer theory, other logics based on belief functions, and second-order
probabilistic logic. We show that these logics are instances of a certain type of linear programming model, typically
with exponentially many variables. We also show how a single linear programming package can implement these
logics computationally if one “plugs in” a different column generation subroutine for each logic, although the

practicality of this approach has been demonstrated so far only for probabilistic logic.
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1. Introduction

Several logics for reasoning under uncertainty
are variations on a theme. Numbers, perhaps
probabilities, are assigned to propositions to indi-
cate degrees of confidence. The object is to de-
termine the degree of confidence one can have in
a conclusion inferred from the propositions. De-
pendencies among the propositions require that
some of the “probability mass” assigned to one
proposition be distributed to others. Solution of
this distribution problem yields a range of confi-
dence levels for the conclusion.

The oldest uncertainty logic of this kind is
Boole’s probabilistic logic [2,3], which was revived
a few years ago by Hailperin [12,13], rediscovered
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by Nilsson [18], and recently discussed by a num-
ber of others [5,8-11,15-17,19]. But Dempster-
Shafer theory has a similar structure [20], as does
a logic based on Shafer’s belief functions sug-
gested by Dubois, Prade and others [7,16,17]. A
number of other logics can be devised along
similar lines.

It seems to be widely recognized that several
uncertainty logics can be viewed as probability
mass distribution problems in some sense. Here
we not only make this sense precise but show the
following; (a) Inference in all these logics can all
be formulated as a linear programming problem
of a certain type, typically with exponentially many
variables in the worst case. (b) At least in the
logics discussed here, the exponential number of
variables can be dealt with computationally by
using column generation schemes, a well known
device for such situations. The practicality of this
approach has alrcady been demonstrated for
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probabilistic logic [15]. This suggests that a single
linear programming code can implement several
uncertainty logics, if one plugs in a different
column generation subroutine for each logic.
Computational testing, however, has not been
carried out on logics other than probabilistic logic.

We will show how several logics fit into this
framework and will describe the column genera-
tion subproblem in each case. In probabilistic
logic, column generation is a pseudo-boolean op-
timization problem, as is already well known. In
Dempster-Shafer theory it is an integer program-
ming problem. We will introduce a second-order
probability logic in which it is a mixed integer/
linear programming problem. In the logic of be-
lief functions mentioned above, there is no expo-
nential explosion of columns, and a column gen-
eration technique is likely to be unnecessary.

For some applications one may wish to add
nonlinear constraints, although we do not pursue
this possibility here. For instance, Dempster’s
combination rule, which is a key ingredient of
Dempster-Shafer theory, combines a renormal-
ization device with an independence assumption.
The rule can be used perfectly well, and in many
cases more appropriately, without the indepen-
dence assumption, and we do so here. But the
independence assumption can be imposed by
adding nonlinear constraints to the otherwise lin-
ear model. Probabilistic logic can also be aug-
mented with independence assumptions, such as
those depicted by a Bayesian network, by adding
nonlinear constraints. In [1] we show when and
how this can be done without an exponential
growth in the number of nonlinear constraints. It
is unclear at this point whether column genera-
tion techniques may be successfully extended to
nonlinear problems.

We begin below with a statement of the gen-
eral linear programming model. After discussing
briefly how a column generation approach is im-
plemented computationally, we show how several
logics can be placed in this framework. These
include probabilistic logic, a version of probabilis-
tic logic with unreliable sources of information,
Dempster-Shafer theory, second-order proba-
bilistic logic (which allows for unreliable sources
in a different way), and a simple logic of belief

functions. The expositions is clarified by using
some small examples.

2. The general model

We are given propositions F,..., F, and some
information about the level of confidence we may
have in them. The confidence level for F; is
indicated by its “mass,” which is a number in the
interval [0,1]. The interpretation of mass varies
from one logic to another; in probabilistic logic,
for instance, it is probability mass in the classical
sense. Since the precise mass of F, may be un-
known, we will suppose that an interval [L,,U;] is
given, within which the mass lies. If nothing is
known about the mass of F;, weset L, =0, U, = 1.

Let S, be the set of possible outcomes that
make proposition F; true. In probabilistic logic,
S, is the set of “possible worlds” in which F, is
true. In Dempster-Shafer theory, it is a subset of
the “frame of discernment.” We let u(S;) denote
the mass of F;, which we also refer to as the mass
of §;. The sets §,,..., §, need not all be distinct.

We are interested in knowing how much confi-
dence we can place in a proposition F, whose
mass is not given. Its mass may be constrained by
the fact that S, intersects some of the sets for
which masses are given. In other words, F, may
be logically related to F,..., F,. A fundamental
problem, therefore, is to find out how much of
the mass assigned a set S; can or must be associ-
ated with other sets.

2.1. Example 1

Suppose we assign masses 0.8 and 0.7 respec-
tively to propositions F, and F, and wish to infer
something about the mass of a third proposition
F. The logical relations among the propositions
are indicated by the relations among the sets S,
S,, 8, depicted in Fig. 1. For instance, the figure
implies that F; and F, can both be true (since S,
and S, intersect), and if they are both true, F;
must also be true (since all outcomes in §; NS,
are in S;).

The mass 0.8 assigned S, can be regarded as
lying in §,’s circle. Some of this mass may lie in
Sy’s circle, and similarly for the mass of 0.7 as-
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S =08

Fig. 1. Relations among the sets S;, S, and S;.

signed S,. The inference problem is to determine
the minimum and maximum mass that may lie in
the S, circle. It is therefore a mass distribution
problem.

For reasons that will become evident as we
examine particular logics, we will formulate this
problem as one of distributing each set’s mass
over its intersections with other sets. For conve-
nience let us write the intersection N, ,S; as S;.
Then we wish to distribute each S;’s mass over
S/’s intersections S, with other sets. Or more
precisely, we will distribute S;s mass over the
index sets J that indicate which sets are inter-
sected. The two are not the same, because possi-
bly S,=S, when J+#J'. In Fig. 1, for instance,
Si1.2y = S(1.2.3 The notion of distributing mass over
index sets may seem odd at this point, but it is
one of the keys to unifying logics of uncertainty.

The precise distribution problem varies from
logic to logic because the structure of the logic
dictates which index sets J may receive mass. We
will show how the distribution problem of Fig. 1
would be formulated in probabilistic logic, and
then how it would be formulated in Dempster-
Shafer theory. We will explain the motivation for
these formulations in the ensuing sections of the
paper. Our sole purpose here is to illustrate that
the distribution problem can be formulated in
different ways.

2.2. Example 1; Probabilistic interpretation

In probabilistic logic we view the 0.8 mass
assigned S, as distributed over the three regions

of the §, circle in Fig. 1, and similarly for §,. One
possible distribution is shown in the figure. Once
a distribution of this sort is specified, the mass
inside S, is determined.

To view this as distribution of mass over inter-
sections, we add propositions F,,..., F, to the
original three, where F,, F;, F; are respectively
-~ F,, = F,, = F;, and F; is a tautology. $,, Ss,
S, are therefore the complementary sets Sy, S5,
§3, respectively. We also assign mass 1 to the
tautology.

The distribution problem just described is
equivalent to distributing each S;’s mass over the
sets J for which S, is one of the regions into
which S, is divided in Fig. 1. Thus the 0.8 mass of
S, is distributed over the index sets {1,2,3}, {1,5,3},
{1,5,6}, which correspond to the three regions of
the S, circle, namely S 3 =505, NS5, S53
=5,N8,NS;, and Sy 56, =5, NS, NS;.

Let g, be the mass distributed to J. Then in
general we have,

w($)= L 4 (1)

Jel(i)

where [(i) <] is the family of index sets over
which the mass u(S;) of S, is to be distributed.
Since w(S;) must lie in [L; Ul, we have the
constraints,

L,<u(S)<U,i=1,....m. (2)
gq,=0,al J €1, (3)

where u(S,) is given by (1).
We can place bounds on the mass of S, by
solving the two optimization problems,

we (St)

min/max ——————
/ 1—p"(9)

s.t. (2), (3). €))]
The notation p*(S,) is used to indicate that
mass may be distributed differently in the objec-

tive function than in the constraints. Thus we
have,

p ()= X a5 Q)

Jel* (1)

where the index set [ *(¢) depends on the logic.



42 K.A. Andersen, J.N. Hooker / Decision Support Systems 16 (1996) 39-53

2.3. Example 1; Probabilistic interpretation, contin-
ued

In the probabilistic logic interpretation, the
mass u(S;) = 0.8 is distributed over the index sets
in I(1) = {{1,2,3},{1,5,3},{1,5,6}}. So,

“(S1) =dpa3 T duss t dases

and similarly for w(S,). The unknown mass
w”(S5) is distributed in the same way. No mass is
assigned to the empty set, so that u* () =0. So
the optimization problems (4) become,

min/max Auz23 T dussy T du23 T 9453
s.t. 0.8 < G2t ausy T nse < 0.8
0.7<Gy 23 % Qa3 T 926 <07
1<qu,3 *Guzsy Y9053 T duss
tduze tduse tause <1
q;,20

It is easy to see that the distribution in Fig. 1,
in which u(S;) = 0.5, minimizes u(S,). The maxi-
mum value of u(S;) is 1, obtained by setting
(q“,m), 453 q(4y2,3)) =(0.5, 0.3, 0.2).

2.4. Example 1; Dempster-Shafer interpretation

In Dempster-Shafer theory, the mass 0.8 as-
signed S, is divided into a) mass that lies specifi-
cally in §, N §, N S, b) additional mass that could
lie anywhere in §; NS, ¢) additional mass that
could lie anywhere in §; NS, and d) additional
mass that could lie anywhere in §,. (In this exam-
ple, it happens that §,NS,=5,NS,NS;) So
p(S,) = 0.8 is distributed among gy, 412 9013y
23 Also we add a tautology to the original
three propositions and assign it mass 1.

Unlike probabilistic logic, Dempster-Shafer
theory distributes the inferred mass p*(S,) dif-
ferently than the given masses u(S,). Here u*(S;)
is regarded as the sum of masses distributed to
J’s for which S, CS;. Since S5, §;,NS,, §NS;,
S,NS; and §, NS, NS; are all subsets of S5,
w”(S;) is distributed to the index sets in 7 *(3) =
{{3), {1,2}, {1,3}, {2,3}, {1,2,3}}. Here p* (@) =0

because none of the intersections S, is a subset
of the empty set.
The optimization problems (4) become,
Aay Yt u 2 T qu3 Y dps T du2
1-0
s.t.0.8<qyy T4yt auy 1025 <08

min /max

0.7<qpy + 4p2+9p5 + 9023 <07
L<gp+au+dap +dp +dus+ 403+ 03
+dq23 < 1
q,>20

(The variable g, represents mass that is assigned
to no particular set.) It happens that w*(S;) is
restricted to the same interval as in the proba-
bilistic interpretation, namely [0.5,1]. It is 0.5
when (qm, iy q(,’z)) =(0.3,0.2,0.5). It is 1 when
(Q(g,)q q“,zy 61(1,3)) = (02, 07, 01)

Note that the objective function in (4) is nor-
malized by dividing by the mass that is not as-
signed to the empty set. Among the logics we
discuss, this plays a role only in Dempster-Shafer
theory. (In the above example, p* (&) happened
to be zero.) In the other logics, no mass is as-
signed to the empty set, so that u* (&) =0 and
(4) is a linear programming problem. When
w* () # 0, (4) becomes a fractional programming
problem that is readily transformed to a linear
programming problem using well-known methods
{4].

The sets I(i) and I*(t) give instructions for
generating the columns of the coefficient matrix
in (4). Each column corresponds to a set J [
Assuming p* (D) =0, it has the form (y,, y,,...,
v, where y, (i = 1) is the coefficient of ¢, in
constraint i and y, its coefficient in the objective
function. The column is given by,

{1 it JelI(i) .
y. = R i=1,....m,
0 otherwise,
1 ifJel* (1)
= 6
Yo {O otherwise. (6)

A similar column definition can be given for
the linearized version of (4) when u* () # 0.
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Logics that use conditional probabilities re-
quire a model in which the masses in (4) are
replaced with ‘“conditional masses.” A condi-
tional mass u(S|T) is defined to be equal to
w(SNT)/u(T). Intervals [L,, U] are given for
conditional masses wu(S,|S,.;), where S, is one
of the sets S,,..., S,. Thus the constraints (2)
become,

#(8iNSewy)
" m(Sen) :
These constraints can be written in linear form,
0<p(8;NSeny) = Lirt(Sein)
(SN Seiy) = Un(Sei)) <0. (7)

Assuming p* (&) =0, the linear programming
problem (4) becomes a fractional programming
problem,

T (St A Sc(z))
1w (Seiry)

s.t. (7). (3). (8)

This is again convertible to a linear program-
ming problem.

When the objective function of (8) is an uncon-
ditional mass w*(S,), column J of (8) has the
form (v, ¥1s Z1s--+» Vs Z,m), Where

;i Jel(i)yni(c(i))
yi=4 —L, if JeI(c(i))\I(i) - i=1,....m,
0 otherwise

min /max

1-L,;

1-U fJel(i)ynl(c(i))
z;=4{ —U ifJel(c())\I(i), i=1,....m,
0 otherwise,
(9)
y ={1 ifJel*(¢)
° 10 otherwise

When the objective function is conditional, a
similar column definition can be given for the
linearized form of (8).

Table 1 shows how the four uncertainty logics
considered here fit into this pattern.

3. The column generation subproblem

We have the model

Z q; (10)

Jel ()

st.u(S)= Y q<U,i=1,...m.
Jell)

:U’(Si): Z QJZL,-, i=1,...,m.
Jell)

min/max p” (§,) =

q,20,]€l

In general, depending on the logic, there can
be an exponential number of columns in the
above program. Therefore it might be a good idea
to use a column generation procedure. For an
introduction to column generation procedures,
especially Dantzig-Wolfe, see [6]. Assume that we
have only generated some columns

Z qd; (11)

Jel~(1)

st.u(S)= Y q<U,i=1,....m.

min/max p*S, =

Jel()
w(S)= Y a,=L, i=1,...,m.
Jel(i)
q,>20,Jel

Here the index sets 1*(¢), I(i) and I denote
the set of columns generated so far. What we
need now is to determine if the above columns
are sufficient for solving the program and if not
how a new (improving) column may be generated.
This is usually done by constructing a subprob-
lem. By maximizing or minimizing a certain ob-
jective function over some set, it is possible to
decide if an improving column does exist. If one
exists it is added to the program which is then
resolved. If no improving column exists the opti-
mal solution to the program has been found. The
procedure can be started with any set of known
columns, possibly none, in which case the pro-
gram only contains slack- and surplus variables in
the constraints.

To describe the column generation procedure
suppose we are maximizing the programs (10)
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and (11). The procedure is similar when minimiz-
ing. Let A, i =1,...,m, denote the dual variables
to the constraints ¥, c 7,4, < U, and let y;, i =
1,...,m, denote the dual variables to the con-
straints ¥4, =L;. Then A,>0 and vy, <0,
i=1,...,m. Suppose we construct a set, say P,
such that the extreme points of P are exactly the
possible columns g;, J € 1. Then the subproblem
becomes:

min(A —vy)y —y,
s.t.
Ym) EP (12)

where A =(Ay,...,A,) and ¥ = (y,...,7,,)-

If the optimal solution to this problem is strictly
less than 0, then an improving column g, has
been found. The index J is added to the index
sets I*(t), I(i) and I, meaning that column g, is
added to the program (11), which is then re-
solved. If the optimal solution to the contrary is
at least 0, then an optimal solution to (10) has
been determined. We notice that the problem is
in a sense to state the set P in a reasonable way.
For the logics described in this paper the sets P
are described in Sections 4-7.

y=(¥y-.-

4, Probabilistic logic:

In probabilistic logic, conditional probabilities
Pr(Fj]F,;,) are constrained to lie in intervals [L,,
U;], where the F;’s are formulas of propositional
logic. (An unconditioned probability Pr(F,) can
be given by letting F,;, be a tautologous proposi-
tion.) The object is to compute bounds on a
probability mass Pr(F,|F,;) that are consistent
with the given probabilistic information.

The formulas F; contain atomic propositions
Xy5...,X,. A possible world is an assignment ov:
{x,,...,x,} = {0,1}" of truth values to the atomic
propositions. F; is true in a possible world v
when the assignment v makes it true, which we
indicate by writing v(F;) = 1.

Let §; be the set of possible worlds in which F;
is true. Thus Pr(F.) is the probability that the
actual world lies in §,. We therefore interpret

©(S;) to be the probability Pr(F;) and u(S,S,;)
to be the conditional probability Pr(F|F,;)).

The given intervals [L,,U;] impose the con-
straints (7). Since the probability of all possible
worlds must sum to one, we use one of the
constraints (7) to assign a mass of one to a
tautologous proposition.

By the law of total probability, u(S;) is the sum
of the probabilities of the possible worlds in §,.
The probability mass u(S;) must therefore be
distributed over these worlds. If we let g, denote
the probability of world ¢, we have

p(S)=u"(8)= Y aq,. (13)

v(SP=1

The interference problem is to place bounds
on a conditional probability Pr(F,|F, ). Thus we
solve (8), where u and p™ are given by (13).

4.1. Example 2

We now give a small example. Suppose we
have the following information:

Pr(x,)€[L,U]
Pr(x,—x,) €[L,,U,]
Pr(x,—x3) €[ L;,Us]
Pr(x;lx, Ax,) e[ L,.U,]

where x,, x, and x; are atomic propositions. We
are interested in computing the bounds on Pr(x,),
given the above information.

In this case:

Fi={x\}, F,={x, = x3}, Fy={x; > x5},
F,= {x3}7Fc(4)= {xl /\xz},F, = {x3}

Table 2

Truth table for Example 2

(xy,%5,x3) Probability x;,—>x, x,—=x5 x/ Ax,
0,00 P i 1 0
0,0,1) D 1 1 0
0,1,0) D3 i 0 0
0,1,1) Ds 1 1 0
(1,0,0) Ds 0 1 0
(1,0,) Pe 0 1 0
(1,1,0 P 1 0 1
(1a171) Dy 1 1 1
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Let (p,,...,pg) denote the probabilities of the
eight possible worlds (x;, x,, x;) as shown in
Table 2.

Now let us write the usual LP for determining
the bounds on the probability of the atomic
proposition x .

min/max p, +p, +ps + Py

s.t.

00 0 0 1 1 1 1 Py b
111 100 1 1 p.| 2 | Y2
1101 1 1 0 1 | < |Us
0000 00 -U (1-U) <o
0000 1 1 1 1 P oiL,
111 1 0 0 1 1 Ps| L,
11011 1 0 1 Po| > |,
0 0 0 0 0 0 —-L; (A1=Ly)||ps|=|7?
111111 1 1 pg) ~ (1)

p;20,i=1,...8

Note that to solve this program it is not neces-
sary to distinguish between the probabilities p,
and p,. The two columns they represent are
identical, so that in this case it is sufficient to use
seven probabilities.

We now show that probabilistic logic fits the
general model of the previous section. Whenever
an interval, [ L,,U,] is given for Pr(F}), the interval
[1-U,1—L,]is implicity given for Pr(— F;). We
therefore assume without harm that — F; belongs
to the list Fy,..., F, whenever F; does; that is,
the complement §; of S, belongs to the list
S,,...,8, whenever §, does. Since the probability
mass attributed to a set is spread over the possi-
ble worlds in the set, empty sets cannot receive
probability mass.

The intersections §;, J € I, are all minimal
nonempty intersections of §,,...,S,. A minimal
intersection S, is one that properly contains no
nonempty intersection. More precisely,

I={Jc{1,...,h}|S,# Pand S, ¢ §, for all
J c{1,...,h})

Due to the fact that §; is among S,,...,S,
whenever S, is, the distinct intersections S, for J
&€ [ partition the set of all possible worlds. Note
that S, may contain S; when i &J. To distribute

the probabilities Pr(S;) over the ¢q,’s as in (1), we
let
I(i)={JEI|SJCSI-}. (14)

We must now show that distributing probabil-
ity over the variables ¢, as in (1) results in the
same problem (8) as distributing it over possible
world probabilities g, as in (13). We can do this
by showing that (8) has the same columns in
either case. Note first that for any J € [, g,
occurs in a constraint or objective function of (8)
with a given coefficient if and only all variables
g, with §; =5, occur with that coefficient. These
variables can therefore be collapsed into one, say
q,, which represents the set S, in the partition of
possible worlds. But the column corresponding to
q, is identical to that for g,, where v is any
possible world in §,;. Thus the possible worlds ©
generate the same column as the sets J.

4.2. Example 2, continued

In this case the sets S;’s are as follows:
S, =1{(1,0,0),(1,0,1),(1,1,0),(1,1,1)}
S, =1{(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,1,0),
(1.11)
S5 =1{(0,0,0),(0,0,1),(0,1,1),(1,0,0),(1,0,1),
(1,1,1)})
S,=1{(0,0,1),(0,1,1),(1,0,1),(1,1,1)}
Sewy={(1,1,0)(1,1,1)}
S,=35,

The minimal intersections S, of the sets S,

S25 S35 84 Seays S15 835 83, 84 and Sy, are given
by:

S;,=8,n8;n8,={(0,0,0)}
S;,=8,n8,={(0,0,1),(0,1,1)}
$;,=8;08,,=1{(0,1,0)}

S, =5,n8,={(1,0,0)}

S, =8,n8,={(1,0,1)}
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Sjﬁ='§30§c(4)= {(1,1,0)}
§),= 58 N 8., = {(1.L1))

We notice that the set I is given by:
1={J1,03,03,04,05,05,07}

Furthermore we have
1) ={JellS,cS,}={J,,Js5.05,]7}
1(2) ={J IS, 8.} = {J\,]5.03,06,07}
1(3) ={Je11S,c 8.} ={V1,05,d4,05,05)
1(4) ={JellS;c8.}={],,J5,]7}
I(c(8)) ={J €IS, =S4} = {6, T7)
I(t) ={Jell$;cS8,}={1,Js5,]7)

If we formulate the program (8) using the
descriptions of the columns (9), the problem be-
low is obtained:

min/max q,, +4q,, +4,,

s.t.

000 1 1 1 1Y (o) o [©
11100 1 1 ol = |
11011 0 1 21 2 o
00 00 0 -U (@(-U)l|9%]|<]|o
000 1 1 1 1 a5} > L,
11100 1 1 > |L

q =

11011 0 1 sl S Lz
00 00 0 ~L, (1-Ly)]|9%|> 03
1111 1 1 1 4n) = .

q,l_ZO,i=1,...,7

The above problem is almost the same as the
one we found earlier using the possible world
probabilities. The only difference is the notation
and that two identical columns corresponding to
the possible world probabilities p, and p, have
been collapsed together.

The column description (14) is not computa-
tionally practical. Determining whether J € |
involves solving a satisfiability problem to check
whether §, is empty. Thus we generate columns
corresponding to possible worlds v rather than
sets J. In the nonconditional problem (4) this
yields columns (y,, ¥,,...,y,,) With y, = v(F). If
(for instance) F, is a logical clause V ;cpx;
V V,e,—x;, then y; can be written as a

pseudo-boolean function y, =1 —TT; (1 —
X }»)l_[ e NXje Thus the column generation sub-
problem, which is to minimize (12), becomes a
pseudo-boolean optimization problem. The situa-
tion is similar for the conditional problem (8).
Whether generated by J’s or possible worlds,
some of the columns of (4) are identical. But two
identical columns will never appear in the basis
of the solution. Thus when several possible worlds
generate the same column, only one of the worlds
will in practice absorb all the probability at-
tributed to the set §; containing those worlds.

5. Probabilistic logic with unreliable sources

In probabilistic logic, the probabilities Pr(F,)
of logical formulas F; are delivered from a single
evidence source. However, it might be useful to
extend the model, such that it is possible to allow
for more than one evidence source to supply
probabilities (or estimates of these) to the logical
formulas in question. This can be done in a
straightforward manner.

Suppose there are K evidence sources, de-
noted by ES,, k=1,...,K. If K= 1, the ordinary
model for probabilistic logic is obtained. If K > 2,
we instead get conditional probabilities
Pr(F|ES,), for all i, all k. The interpretation of
these probabilities is: the probability of F; given
that evidence source k is reliable. For each of the
logical formulas F;, there are K probabilities,
namely the ones obtained from the K evidence
sources.

Let S; be the set of possible worlds in which F;
is true, and let R, be the set of possible worlds,
in which evidence source k is reliable (with cer-
tainty). Notice that here is a slight difference
from probabilistic logic. The model not only has
possible worlds in which some logical formulas
are true but also possible worlds in which evi-
dence sources are reliable. Suppose that evidence
source k informs us that the probability of §; is
in the interval [L¥%,UX]. This gives rise to the set
of linear constraints:

L* <Pr(F|ES,) <Ut,i,....m k=1,... K.
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These constraints can be rewritten as
OsPr(S,ﬂRk)—L{-‘Pr(Rk) (15)
Pr(SiﬂRk)—l]ikPr(Rk)SO (16)

It is of course also possible for each evidence
source to specify conditional probabilities. Sup-
pose that evidence source k informs us that the
conditional probability of F; given F;, belongs
to some interval [ L%, . ,U%, 1. The following set of

constraints is then obtained:

ic(iy =

Lk <Pr(F,<|FC(,-), ESk) < L[ilc((i)’
[ = 1,...,m,k= 1,,..,K.

These constraints can be rewritten as follows:
0< Pr(S,- NSiyN Rk) — L’,»‘C(i)Pr(Sc(i) N Rk).
(17)

Pr(8;N Sy "R,) — ULy Pr(Sq; NR,) <0.
(18)

In ordinary probabilistic logic K =1, it is im-
plicitly assumed that the evidence source is reli-
able. This need of course not be the case. There-
fore, in addition to the above mentioned condi-
tional probabilities, it is possible to specify proba-
bility intervals [L*,U*], k =1, ...,K, indicating to
which degree the different evidence sources are
reliable. This gives rise to the set of constraints:

LF<Pr(ES))<U* k=1,...,K. (19)

If one believes in some of the evidence sources
with certainty, the corresponding probability in-
tervals should overlap, since otherwise the model
is inconsistent. We cannot with certainty believe,
for instance, that a probability is in the interval
[0.2, 0.3] and at the same time with certainty
believe that it is in the interval [0.5, 0.6].

As in ordinary probabilistic logic, we have:

Pr(S;NR,) = Y q,
v(S;NR=1

where g, denotes the probability of world v.
The inference problem is to place bounds on a
conditional probability Pr(F,|F,,). As in ordi-

nary probabilistic logic, we solve a fractional lin-
ear program similar to,

Pr(S,NS.)

min /max
Pr(S..)

s.t.

(15),(16),(17),(18),(19).

The sets S,,...,S, are those defined above:
the sets of possible worlds in which the given
formulas  F; A ES; ,F; A F o,y N ES;ES, i =
1,...,m, k=1,...,K, respectively, are true.

The probabilities of these formulas can be
expressed in terms of possible worlds as ex-
plained in Section 4.

We see that the only difference from proba-
bilistic logic is that we now have possible worlds
in which some formulas are true and possible
worlds in which an evidence source is reliable
(with certainty). Instead of just having probabili-
ties of formulas, we have probabilities condi-
tioned on evidence sources. Furthermore, it is
possible to state the probability of the reliability
of some evidence source. If any of the probabili-
ties are unknown, they are simply left unspeci-
fied.

So, everything in this section has been formu-
lated in the same way as was done in the section
on probabilistic logic. In particular, the model
falls into the general framework. The column
generation procedure is as in probabilistic logic.

6. Dempster-Shafer theory

In Dempster-Shafer theory there are several
evidence sources, indexed by £k =1,...,K. Each
evidence source k distributes a probability mass
of one over a family {S,[i € H,} of distinct sets of
possible outcomes. The index sets H, are dis-
joint, but a set S; in one family may be equal to a
set §; in another family. The union of the S, s is
the frame of discernment, denoted 6.

For each i € H, we interpret the mass u(S;)
to be the value m,(S;) of the basic probability
function m,, which indicates the strength of k’s
evidence that the actual outcome lies in S;. Thus
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we have constraints (2) with L, = U, =m,,(S),
where i € H, . Although X, m,(S)=1 for
each evidence source k, some of its mass can be
assigned to a set representing the universe @,
which contains all possible situations. This mass
represents evidence that supports no particular
proposition.

When there are K evidence sources, the inter-
sections §; are associated with cells of a K-di-
mensional cube. Each cell corresponds to an in-
dex set J that conta:ns for each k¥ € {1,...,K} an
index i € H, representing the “coordinate” of
the cell along dimension k. Since §, may be the
same for different J’s, the same S, may be asso-
ciated with several cells. The mass u(S,) for i €
H, is distributed over the masses g, of all cells J
whose k-th coordinate is i; i.e., all cells J with §
€ J. Thus we have (1), with I)={J € I|i
J}

Classical Dempster-Shafer theory uses the par-
ticular distribution dictated by Dempster’s combi-
nation rule:

qa;= I_Imk(i)(si)’ (20)
ieJ

which assumes that the evidence sources are in
some sense independent. But we will allow any
distribution observing (1), since independence as-
sumptions may be unjustified. The classical the-
ory can be obtained by adding the constraints (20)
to the model.

This distribution scheme has the curious result
that an empty set §, may receive probability
mass. But it also iraplies that the constraints (2)
and (3) always have a feasible solution. This can
be seen by noting that the probabilities dictated
by Dempster’s combination rule satisfy them.

Whenever §;C§,, evidence that §; contains
the actual outcome adds to the evidence that S,
does. So we interpret w*(S,) as the sum of the
masses of all S,cS,. Thus we have (5) with
I*(t)={IS,cS,}.

Since empty §,'s receive mass, this mass is
ignored and the rest renormalized so that it sums
to one. Thus the inference problem is to obtain
bounds on

(S,

Bel(S,) = mﬁ,

(21)

where “Bel” is Shafer’s notation. We therefore
obtain the fractional programming problem (4).

6.1. Example 3

Suppose that a detective is investigating a bur-
glary of a shop. From one source he gets evidence
supporting the beliefs that the thief is left-handed
and that he is not an insider. From another
source he gets evidence supporting the beliefs
that the theft was an inside job and that the thief
is right-handed. One of the clerks in the shop is
left-handed, and the detective must decide with
what certainty he can accuse the clerk.

For solving this problem we define two atomic
propositions:

x: The thief is left — handed.
X,: The thief is an insider.

A possible outcome is indicated by a pair of
truth values (x,, x,), and the frame of discern-
ment consists of the four possible pairs. We are
given the following six quantities:

my(S,) =m({(1,0),(1,1)})
(source 1 evidence for x,)
my(S2) =my({(0,0),(1,0)})
(source 1 evidence for — x,)
my(S3) =my(@) (=1-m(S;) —m(S,))
ma(84) =my({(0,1),(1,1)})
(source 2 evidence for x,)
my(Ss) =m,({(0,0),(0,1)})
(source 2 evidence for - x,)
my(Se) =my(@)(=1—my(S,) —my(Ss))

We construct the following table of intersec-
tions:

Table 3

Intersections

Sg=0 {(Lo),(1,1)} {(0,00,(1,09 2]
Ss=1{(0,0,00,1)} @ {(0,0%} {0,00,(0,1)}
S, ={(0,D),(1,1)} {(1,1)} ) {(0,D,(1,1)

S ={(1,0)(1,1)} $, = {(0,0),(1,0)} $; =@
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Notice that the empty set & may occur in the
table, and that the same set may occur several
times. In this particular case the empty set &
occurs twice.

Now let us associate a mass g, with each
particular cell:

Table 4

ay's

m, () qj, dj, qy,
m; (Ss) qj, qj; q3,
m, (S,) qay, di, dj,

ml(Sl) ml(sz) m](@)

Each m,(S,) is distributed over the corre-
sponding row or column. For instance, m(S,) =
dn + 452+ 4y

We wish to determine the mass w* ({1,1)}) that
can be associated with the proposition x; Ax,
that the thief is a lefthanded insider. The normal-
ized objective function of (4) is given by g, /(1 —
q,,—q,.) (in this particular case, u" (&) =q;, +
q ,6) The resulting program (4) is:

. qy,

min/max ———
1- a;,~ qu

s.t.

45, +4d;,+4;,=m(S))

a5, + a5+ a5, =my(S>)

45,7+ a5, + 45, =my(S,)

q,,+a;, +4;,=my(Ss)

E?:lqj,-zl
q,20,i=1,....9

The classical Dempster-Shafer theory associ-
ates the mass

m(8;)m;,(S,)
/[1 = my(S;)m,(Ss) _ml(Sz)mz(S4)]
with the proposition x; A x,.

Assuming for simplicity that all intersections
S, are nonempty so that u* () = 0, the columns

(yo> ¥1s--->¥,,) of (4) satisfy
Y yvi=1,k=1,... K. (22)
i€H,

The objective function coefficient y, is 1 if
and only if N v §;CS§,, which is to say A ;_,
F,OF, 1If the F s are formulas of propositional
logic, additional constraints and 0-1 variables rep-
resenting atomic propositions can be used to de-
fine y, in terms of y,,..., y,,, using well-known
methods [14]. The column generation subproblem
becomes an integer programming problem: mini-
mize (12) subject to (22) and the additional con-
straints. When u* (&) # 0, the linearized version
of (4) can be similarly treated.

7. Second-Order probabilistic logic

Second-order probabilistic logic assigns proba-
bility distributions to Pr(Fj|F, i) ), rather than
specifying Pr(F |F ) ) dlrectly These second-
order dlStI'lbUthIlS are approximated by specify-
ing the probability that Pr(F |F, (i) ) lies in each of
several intervals [0,7,]. Probablllstic information
is therefore given in the form,

Pr(F/\ C(]))<7T

<m|<U,i=1,...m.
P’(Fc(j,»))

-

(23)

The propositions F; again belong to proposi-
tional logic and contain atomic propositions
Xy,....X,. In general, probabilities from a less
reliable source will have a more dispersed second
order distribution.

The first-order probability space consists of all
probability distributions (w7 ,...,7,) over the
possible worlds v. Each constraint in (23) places
limits on the probability mass assigned to a region
S, of this space. Specifically, §; is the half-space
in which Pr(F, AF,;)) <m; Pr( c())» OT

Z p,,STT,- Z p(" (24)
L(F)—l v(Fo )=
v(F )=

We interpret u(S;) as the second-order proba-
bility that Pr(F,|F,; ) <. We can again sup-
pose that S, belongs to the list §,,...,5, when-
ever §,; does. Thus the set of all minimal nonempty
intersections §; of halfspaces partitions probabil-
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ity space into polyhzdral regions. The probability
mass Pr(S;) of a halfspace is the sum of the
masses g, of the polyhedra §; in it. Thus we
have (1) with I(i)) = {JIS, CS}}.

The inference problem is to find bounds on p*
(8,) = u(S,) by solving (4), which is a linear pro-
gramming problem because p* (&) = 0.

It remains to find a computationally practical
way to implement the column generation scheme
(6) when I(i)={J|S,cS,}. This can be done via
mixed integer programming. From (24), each S,
consists of the vectors p in probability space
satisfying the i-th constraint of

-y< L p.-m L
v(F)=1 (F(jin=1
L(Fu p=1

p,<1-y,

i=1,...,m, (25)

when y; = 1, and its complement consists of those
satisfying this same constraint when y; = 0. Thus
the sets §; for J €1 are precisely the nonempty
solution sets of (25) over all 0-1 vectors y =
(y4,...,¥,,). The column generation subproblem
is therefore to minimize (12) subject to (25) and

Yp,=1,p,20,allv,
v
where y,=y,.

7.1. Example 4

Suppose we have the following set of second-
order probabilities:
Pr(Pr(x))<m)e[L,,U]
Pr(Pr(x —x;) <m,) €[L,U,]
Pr(Pr(x,—>x,) <m3) €[L;,U;]
Pr(Pr(x,—x;) <m) €[L,,U]
Pr(Pr(xjlx; Ax,) <ms) €[ Ls,Us)

Note that the distribution of Pr(x; —x,) is
somewhat more accurately specified than the oth-
ers, because three cumulative second-order prob-
abilities are given. We want to determine the
bounds on the probability Pr(Pr(x;) <ms). No-

tice that all the ’s are given. The sets, S,,
1 <1i<4, are given as follows:

S1:{P eRELE p =

S, {peRYLE \p,;=1,p, +p,+D3+ Dy + D, +Ds

1, ps+psg+p,; +pg < 771}

Swz}
eRIT \p,=1.p,+pP,+D3+Ps+D+Ds

{

——

{ eRSE, .\ pi=1,p, +py+p3+py+p;+py
<)

So:{p € REITE p,=1, py<ms(p;+Dy)},
where R is the nonnegative orthant of R®. The
set S, is given by:
S,:{p eREITE_, p, =

It is not particularly easy to see what the
nonempty intersections S, of the halfspaces §,,
S5, 83, S, and §, are. However, the columns of
(4) can be found using the following system of
linear constraints:

1, py+Dpy+Dps+pg < s}

~Y1<DstDstpPy;+Dpg—
“Y2 <Py +Py T D3Pyt Py Pg—
“Y3<py+Dpy+tP3+pytpy; TPy
“Ya<Py+tPrytD3tpyt P Dy
—Ys <pg+ms(p7+pg) <1 -5
Yo <Pyt Pyt Dst Py
iipi=1
p;=0,i=1,...

771S1—y1
m,<1-y,
my<1l—y;

77'431_)74

ms<1—y,

8,y,€{0,1},i=0,....,5

The columns of (4) are the binary vectors (y,, y;,
Y., ¥3, Y4, Vs) that are feasible for the above
constraint set. An approximate second-order dis-
tribution for Pr(x;) can be found by solving this
problem for several values of .

8. Belief functions

Dempster-Shafer theory derives the plausibil-
ity Bel(S,) of S, by combining evidence from
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several sources. Each source & provides support
for several sets S; that is measured by a basic
probability function m,.

A variation on this approach is to suppose that
the evidence for the sets §; is combined in ad-
vance, outside the mechanism of the theory. This
provides an estimate Bel(S;) of the plausibility of
each S,. The goal is to find what values of Bel(S,)
are consistent with these estimates.

Thus we interpret u(S,) = 1" (S,) to be Bel(S,).
Again any evidence for a subset of S, is evidence
for S,. We therefore postulate an underlying ba-
sic probability function m(S;) that measures evi-
dence in favour of the particular set §;, with
Bel(S,) = X o 5t, m(S)). This means that we dis-
tribute the mass ,u(S ) = Bel(S;) over the vari-
ables g, = q,;, =m(S)) for all subsets S; of S,. So
the “intersections” S are simply the sets S;. The
distribution formula is (1) with 1(i) = {{j}ISj cS)

If the precise value of Bel(S,) is given for all
S;, the underlying basic probability function is
determined by the inclusion-exclusion formula,

m(S;)= ¥ (=1 Bei(s)).

5,c8;

But if Bel(S,) is only partially specified, several
basic probability functions are possible, and
Bel(S,) may be restricted to a range but not
precisely determined.

If L, U; are the bounds placed on Bel(S;) =
u(S,), we have the constraints (2). To obtain
bounds on Bel(S,) = u"(S,) we solve (4), which is
linear because w (&) =0. Since this problem
contains only one column for each §;, column
generation should not in general be necessary.
Also it should normally be easy to determine
whether S, C S, (i.e., whether F; implies F)), since
the given propositions F; should normally be sim-
ple.

9. Conclusion

In this paper we have demonstrated how sev-
eral logics for reasoning under uncertainty fit into
the same framework. Each admits a linear pro-
gramming model of essentially the same struc-
ture, except that the different logics are imple-

mented with different column generation proce-
dures. The column generation procedures include
pseudo-boolean optimization, integer program-
ming and mixed integer programming. The logics
that we have been able to show fit into this
general framework include probabilistic logic,
probabilistic logic with unreliable sources of in-
formation, Dempster-Shafer theory, second order
probabilistic logic and a simple logic of belief
functions.

An important question is how well the column
generation scheme will work in practice. It has
been demonstrated to work very well in the case
of probabilistic logic [15], and therefore also for
the special version of probabilistic logic with un-
reliable sources of information. Further computa-
tional experience is needed to determine how
well it will work in Dempster-Shafer theory and
second-order probabilistic logic.
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