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Abstract. The constraint programming community has recently begun to address certain types of optimization
problems. These problems tend to be discrete or to have discrete elements. Although sensitivity analysis is well
developed for continuous problems, progress in this area for discrete problems has been limited. This paper
proposes a general approach to sensitivity analysis that applies to both continuous and discrete problems. In
the continuous case, particularly in linear programming, sensitivity analysis can be obtained by solving a dual
problem. One way to broaden this result is to generalize the classical idea of a dual to that of an “inference
dual,” which can be defined for any optimization problem. To solve the inference dual is to obtain a proof of the
optimal value of the problem. Sensitivity analysis can be interpreted as an analysis of the role of each constraint
in this proof. This paper shows that traditional sensitivity analysis for linear programming is a special case of
this approach. It also illustrates how the approach can work out in a discrete problem by applying it to 0-1 linear
programming (linear pseudo-boolean optimization).
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1. Introduction

Sensitivity analysis addresses the issue of how much the solution of an optimization problem
responds to perturbations in the problem data. It is an indispensable element of applied
modeling, perhaps as important as obtaining the solution itself. It is needed not only to
anticipate the effect of changes in the problem, but to deal with the fact that in applied
work, obtaining the information necessary to formulate an accurate model is often the
hardest part of the task. Sensitivity analysis typically reveals that the solution depends
primarily on a few key data, whereas the rest of the problem can be altered somewhat
without appreciable effect. This allows one to focus time and resources on collecting and
verifying the information that really matters. More generally, it directs the decision maker’s
attention to those aspects of the problem that should be closely watched.

By far the most widely used optimization tool is linear programming, for which sensitivity
analysis is highly developed. One of the basic results is that the solution of the linear
programmingdual indicates the sensitivity of the optimal value to perturbations in the
right-hand sides of the inequality constraints. These results have been extended to certain
discrete optimization problems. There are duality theories for integer programming, for
instance, that can serve as a basis for sensitivity analysis; a brief survey may be found in
Section 23.7 of [13]. Integer dual solutions become very complex as the problem grows,
however, and are rarely used in practice. These and related approaches (e.g., [12], [14])
are based on an investigation of how the optimal value depends on the right-hand sides
of inequality and equality constraints, and it is unclear how the ideas would generalize to
problems with other types of constraints.
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The approach taken here is to define itiference duabf an optimization problem and
use it as the basis for sensitivity analysis. The inference dual is the problem of inferring
from the constraints a best possible bound on the optimal value. The solution of the dual is
a proof, using an inference method that is appropriate to the problem. Sensitivity analysis
can be viewed as an analysis of the role of each constraint in this proof. For example, a
constraint may not even appear as a premise in the proof, in which case it is redundant, or
if it does, the proof may yet go through if the constraint is weakened by a determinable
amount. This type of analysis can in principle be carried out for any type of constraint.

There may be several proofs of an optimal bound, and if so sensitivity analysis differs
somewhat in each. This phenomenon is known as “degeneracy” in classical mathematical
programming, where it tends to be regarded as a technical nuisance. Here it is seen to
be a natural outcome of the fact that more than one rationale can be given for an optimal
solution.

To solve the inference dual, one must

a) identify inference rules that are complete for the type of constraints in the problem;
b) use the rules to prove optimality.

In the linear programming dual, for example, one infers inequalities from other inequalities.
The inference rule is simple: all inequalities implied by a constraint set can be obtained by
taking nonnegative linear combinations of the constraints. This is essentially the content of
the classical “separation lemma” for linear programming, which is therefore a completeness
theorem for linear inference. To find the particular linear combination that solves the dual,
one can use information obtained in solving the original problem (the “primal”). The
multipliers in this combination indicate the sensitivity of the optimal value to perturbations
in the right-hand sides of the corresponding constraints.

The question here is how to address points (a) and (b) for discrete optimization problems.
One answer lies in the idea of deriving a dual solution from information gathered while
solving the primal problem. A discrete problem can be solved enumeratively by building
a search tree that branches on values of the variables. The structure of this tree reflects the
structure of a proof of optimality, in the following way. First, a constraintis added to require
the objective function value to be less than the true minimum, so that the tree now establishes
infeasibility of the augmented constraint set. At each leaf node of the tree, a certain type of
proposition (a “multivalent clause”) that is violated at that node is inferred from one of the
constraints. The tree now indicates the structure of a resolution proof that the multivalent
clauses are unsatisfiable, using a “multivalent” resolution method that generalizes classical
resolution. The inference rules required in (a) are therefore those of multivalent resolution,
plus those needed to infer multivalent clauses from constraints. The proof required in (b)
is given by the structure of the search tree. Sensitivity analysis consists generally in noting
the role played by each constraint in the proof, and specifically in checking how much the
constraints can be changed so that they still imply the multivalent clauses that are used as
premises in the proof.

Inference duality also permits a generalization of Benders decomposition to any opti-
mization problem. This technique allows one to generate “Benders cuts” that are analogous
to nogoods but that exploit problem structure in a way that nogoods do not. This idea is de-
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veloped in [7]. Other connections between logical inference and optimization are surveyed
in [4], [6].

The paper begins with an elementary treatment of the inference dual and its role in linear
programming sensitivity analysis. It then describes multivalent resolution and shows how
an optimality proof of this kind can be recovered from an enumeration tree that solves the
primal problem. It concludes with an application to linear 0-1 programming and some
practical observations.

2. The Inference Dual

Consider a general optimization problem,
min f(x) (1)
st. xe$S
x € D.

Thedomain Dis distinguished from thé&asible set Sin most applications is a vector
(X1, - .., Xn), in which caseDy, denotes the domain of .

To state the inference dual it is necessary to define the notion of implication with respect
to a domainD. Let P andQ be two propositions about, that is, their truth or falsehood

is determined by the value af P implies Q with respect to [hotatedP LN Q)if Qis
true for anyx € D for which P is true.
Theinference duabf (1) is

max z (2)
st Xxe s> f(x)>z

So the dual seeks the largedbr which f (x) > z can be inferred from the constraint set.

A strong duality theorem is true almost by definition. To state it, it is convenient to say that
the optimal value of a minimization problem is respectivedyor —oco when the problem

is infeasible or unbounded, and vice-versa for a maximization problem.

THEOREM 1 (STRONG INFERENCEDUALITY) The optimization problem (1) has the same
optimal value as its inference dual (2).

Proof. If z* is the optimal value of (1), then clearky € Simplies f (x) > z*, which
shows that the optimal value of the dual is at legist The dual cannot have an optimal
value larger thaz*, because this would mean thitx) = z* cannot be achieved in (1) for
any feasiblex. If (1) is infeasible, then anyis feasible in (2), which therefore has optimal
valueoo. If (1) is unbounded, then (2) is infeasible with optimal valuso. O

Because strong duality is a trivial affair for inference duality, interesting duality theorems
must deal with some other aspect. A natural task for a duality theorem is to provide a
complete method for deriving inferences in the dual, as explained earlier.

A dual solution provides sensitivity analysis becaitspecifies the role played by each
constraint in a deduction of the optimal valuEhis is illustrated below in the cases of linear
and 0-1 programming.
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3. Linear Programming Duality and Sensitivity Analysis

A linear programming problem
min cx (3)
st. Ax>a
X >0,

where matrixA is m x n, has the following inference dual.
max z 4)
s.t. (sza,sz)ﬂcxzz.

The dual looks for dinear implication cx> z of the constraints that maximizes Linear
implication is characterized by the following, which is equivalent to a classical separation
lemma for linear programming.

. L . R
THEOREM 2 (LINEAR IMPLICATION.) AX > a linearly implies cx> z (i.e., AX> a —
cx > z)if and only if Ax> a is infeasible or there is a real vectora O for whichuA< c
andua> z.

This means that the dual (4) seeks a nonnegative linear combinagiior uaof Ax > a
that dominatesx > z (i.e.,uA < candua > z) and that maximizeg. So the dual can be
written in the classical way,

max ua (5)
s.t. UA<c
u>0

The vectoru € R™ in effect encodes a proof, because it gives instructions for deducing the
optimal valuez. The duality theorem for linear programming follows immediately from
Theorem 2.

COROLLARY 1 The optimal value of a linear programming problem (3) is the same as that
of its classical dual (5), except when both are infeasible.

Note that unlike inference duality, the classical theorem requires a regularity condition to
the effect that either a problem or its dual must be feasible.

The optimal dual solution* provides sensitivity analysis becauséndicates the role
of each constraint in a proof of optimalityFor instance, i’ = 0, then constraint has
no role in the proof, and the constraint can be omitted without invalidating the proof and
therefore without changing the optimal value.

More generally, one can reason as follows. If the veatof right-hand sides is changed
toa+ Aa, thenu* remains a feasible solution of the resulting dual problem (5) with value
u*(a+ Aa). So the optimal dual value is at leagta + Aa), and by Corollary 1 the same
is true of the optimal solution of the primal problem.

This means that if constraints strengthened by raising its right-hand siglby Aa; > 0,
the optimal value will rise at least"Ag;. (In particular, it will rise tooco if the problem
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becomes infeasible.) & is reduced byAa;, the optimal value can fall no more thaiAg; .
The increase or decrease is exactig; if Ag lies within easily computable bounds.

The dual problem can have several optimal extreme point solutions (i.e., optimal solutions
that are not convex combinations of each other). This can occur when the primal solution
is “degenerate.” Each solution gives rise to a different sensitivity analysis.

A more complete exposition of linear programming sensitivity analysis may be found in

2].

4. A Multivalent Resolution Method

It is well known that the resolution method originally developed by Quine [9], [10] (and
later extended to first order logic by Robinson [11]) provides a complete refutation method
for propositional logic in conjunctive normal fori.

The resolution method is readily generalized to problems in which the variable domains
contain more than two discrete values. The method that results is related to Cooper’s
algorithm for achievingdk-consistency [3], but it is convenient here to cast it as an inference
method. Consider a s&of multivalent clausesf the form,

X1 €Tin) V...V (% € Tin),

where eaclx; € Tj; is aliteral, and eacllj; C Dy,. If Tij = ¢, then the literak; € Tj; can
be omitted from the disjunction, and it is convenient to say that the clause does not contain
Xj. Theresolvent on xof the clauses irBis

x5 eTD vV xelJTw.
[ k] i
For example, the first three clauses below resolve;oto produce the fourth. Here each
X; has domair{1, 2, 3, 4}.

(x1€{L4)h Vv (x2 € {1}
x1€{2,4)Vvxe{2,3)
(X1 € {3,4) Vv (x2e {1}
(X1 e {4) v (xefl,23)

To check a multivalent clause s8ffor satisfiability, identify a subset of clauses whose
resolvent does not already belong $o If there is no such subset, stop and conclude
that S is satisfiable. If the resolvent is the empty clause (i.e, €gck= ), stop and
conclude thatS is unsatisfiable. Otherwise add the resolvenStand repeat. The proof
that multivalent resolution is a sound and complete refutation method is parallel to that for
ordinary resolution. A weaker result (Theorem 3, below) will suffice for present purposes.

5. Solving the Dual via the Primal

It is possible in general to characterizepamal methodfor solving a problem as one
that examines possible values of the variables, anduas methoda one that examines
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Let C be the set of constraints that define the feasible set Sin ().
Let L be a list of active nodes, initially containing the root node,
which is associated with an empty set of assignments (labels).
Let Z be an upper bound on the optimal value; initially
While L is nonempty:
Remove a node from L, and let A be the set of assignments
associated with the node.

[l\ljl
8

If the assignments in A violate no constraint in C then
If A assigns values v1,...,0n tO every variable X1,...,Xn SO as
to satisfy every contraint in C (or the assignments in A
can be readily extended to all variables so as to satisfy
every constraint) then
Let Z=min{z, f(vy,...,vn)}-
Else

Choose a variable X; that A does not assign a value.
For each v e Dxi:
Add a node to L and associate it with AU {X; = v}.
If Z< oo then Z is the optimal value of (1).
Else (1) is infeasible.

Figure 1. A generic enumeration algorithm for solving the primal problem.

possible proofs of optimality without interpreting the variables. In classical optimization,

a branch-and-bound method is a primal method, whereas a pure cutting plane method is
essentially a dual method (see [8] for background). Primal methods have generally proved
more effective for optimization, although primal and dual methods are often combined, as
in branch-and-cut and dual ascent algorithms.

Fortunately, the inference dual of a discrete optimization problem can be solved by exam-
ining the results of a primal method, in particular an enumeration tree that is generated to
solve the primal problem. In fact, this approach yields both a complete refutation method
for the type of inference used in the dual and an algorithm for constructing a proof of
optimality. It will be seen that a refutation method, as opposed to a full inference method,
suffices for sensitivity analysis.

The most straightforward way to solve (1) by enumeration is to branch on values of the
variables until all feasible solutions have been found. The search backtracks whenever a
feasible solution is found or some constraint is violated. The bestfeasible solution is optimal.
A generic algorithm for generating the search tree appearsin Fig. 1. The development below
is readily modified to accommodate search algorithms that use bounding and other devices
for pruning the tree.

Let z* be the optimal value found by enumeration. To solve the dual, first modify the
enumeration tree so that it refutes the claim that) < z*. This is done simply by adding
the constraintf (x) < z to the constraint s&t for each nodé at which a feasible solution
is found, wherez; is the value of that solution. Thefi(x) < z can be regarded as the
constraint violated at node There is now at least one violated constraint at every leaf



SENSITIVITY ANALYSIS 107

node.
For any leaf node let (x;,, ..., X;;) = (v1,..., vq) be the assignments made along the
path from node to the root. As just noted, these assignments violate €ineeC. Because
C: is equivalent to the conjunction of all multivalent clauses it implies,, . . ., X,) =
(vq, ..., vg) violates some multivalent claudd, implied byC;. Without loss of generality
M; can be assumed to contain only variablegdn, . .., X;,}. The enumeration tree is now
a refutation of/\; M;. Due to the following theorem, the tree’s structure indicates how to
construct a resolution proof ef /\; M.

THEOREM 3 Consider an enumeration tree in which a multivalent clausashassociated

with each node t. Let the clause associated with any nonleaf node be the resolvent on x
of those associated with the node’s children, whgrésxhe variable on which the tree
branches at node i. Then if {\Ms falsified at each leaf node t, the clause associated with
the root node is empty.

Proof. It suffices to show that the clause associated with the root node is falsified,
because only the empty clause is falsified when no variables are fixed. This can be proved
by induction. It is given thaM; is falsified at any leaf node Now consider any nonleaf
nodek, and let nodes.1. ., p be its children. By the induction hypothesiy, ..., M,
are falsified. Suppose that the search branches on vasighlenodek and thatx; = vs
is the assignment that generates child ned&henMs cannot contain a literat; € Ts;
with vs € T;. Ifit did, Ms would be true at nods. Thereforeﬂ;’=l Tsj = ¥, which means
that the resolveny of {My, ..., M} does not contair;. So My is falsified at nodé. It
follows by induction that the root clause is falsified.

A refutation of f (x) < z* can therefore be constructed from two ingredients: multiva-
lent resolution, and an algorithm for checking whether a constraint implies a multivalent
clause that is violated by a given variable assignmgnt ..., X)) = (v1,...vm). The
construction proceeds as follows. For each leaf rtoofethe enumeration tree, select any
constraintC; violated at that node; if the node represents a feasible solution with zglue
letC; be f (X) < z. For each identify a multivalent claus#/; that a) is implied byC;, b)
contains only variables among those that are fixed along the path front nodee root,
and c) is violated at node Then the desired refutation infers edeh from C; and then
refutes/\, M; using multivalent resolution, as indicated in Theorem 3.

Sensitivity analysis now consists of observing the role of the constraints in the refutation
just constructed. Some specific results can be obtained by applying the three principles
below. Let a node béeasibleif no constraints irC are violated at the node, and infeasible
otherwise. The principles do not require that the resolution refutation actually be con-
structed; only that the clausé4 at infeasible nodes and the valugst feasible nodes be
saved. Because the search tree may have a very large number of leaf nodes, it is practical to
save only thalistinct M’s associated with a given constraint. So for any consti@iatC
let {M; | t € M(C)} be the set of distinct clauséé; for whichC = C;. The number of
feasible nodes is likely to be small, however, and it is practical to keep a lstfof each
feasible nodé as well as which variables are fixed (and to what values they are fixed) at

(S1) If a constraint inC is not associated with any leaf nodes, then it is redundant and can
be dropped without affecting the optimal value.
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(S2) More generally, if a constraif@ € C is replaced with a constrai@’ that still implies
M, for allt € M(C), then:

i) the optimal value will not decrease;

ii) the optimal value will be at least min {z}, wherel is the set of feasible nodes at
which C’ is not violated.

(S3) Still more generally, if a constrai? € C is replaced withC’, then the optimal value
will be at least

min {minzt, min;t} ,
tel tel’

wherel is as above, antl' is the set of nodes € M(C) at whichC’ does not imply
M. Also z is the minimum value of the objective functidi(x) subject only to—M;.
That s,

z, =min{f(x) | X; € Dy, \ Tyj for all x; in M}.

These principles can clearly be adapted to analyze the effect of changing two or more
constraints simultaneously.

6. 0-1 Duality and Sensitivity Analysis

A 0-1 linear programming problem may be stated,

min cx (6)
st. Ax>a
x € {0, 1}".

The inference dual is,

max z @)

s.t. sza{o’j>n CX >z
A separation lemma for this dual would consist of a complete inference method for linear
0-1 inequalities. Such a method was presented in [5]. Only a complete refutation method
is required for present purposes, however, and it can obtained as indicated in the previous
section.

A refutation method is obtained by combining multivalent resolution with a method
for checking whether a 0-1 inequality implies a multivalent clause that is falsified by a
given variable assignment. Because the variables in this case are bivalent, multivalent
clauses become ordinary clauses. Multivalent resolution therefore reduces to ordinary
resolution. It is straightforward to check whetleer > « implies a clause that is falsified
by (X, ..., Xjy) = (vj,, ..., vj,). LetJ be the set of indice$ in {j1, ..., ja} for which
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(a),(b).(c)
V N
(a),(b).(c) (a),(b).(c)

XZ% Y_o Xzy &
@,
X3—/ & Xs—/ &

z=15 (by,(c)

Figure 2. A solution of the subproblem by branching. The constraints remaining (i.e., not yet satisfied) at each
nonleaf node are indicated. The constraints violated at each leaf node, if any, are indicated with an asterisk; if
no constraints are violated, the objective function value z is shown.

a > 0ifv; =1anda; < 0if vy; = 0. Letxj(v) bex; if v =1 and—x; if v = 0. Then
Vjes X (1 —vj) is the desired clause ;. ; ajvj + 3 ,; max0, &} < «, and otherwise
there is no such clause.

Consider for example the problem,

min  7x3 + 5% + 3X3
st 2 +5x— X3>3 (a)
X1+ Xo+4x3>4 (b) (8)
X1+ Xo+ X3>2 (0
x € {0, 1}3

The enumeration tree of Fig. 2 solves the problem. The optimal solution value is 8.

A resolution proof thaz > 8 can be reconstructed in a way very similar to that presented
above for satisfiability problems. At each leaf node, one of the violated inequalities is
chosen as a premise; in this case, constraints (a) and (b) suffice. If the leaf node represents
a feasible solution, the premise consists of the constraink z — 1. These combined
premises must lead to a contradiction, thus proving zhat8.

The contradiction can be demonstrated by resolution, as depicted in Fig. 3. The inequali-
tiesatnodes 8 and 9, for instance, respectively imply clauses that resolve to-ahtaifnx,
at node 4. The latter resolves with, implied by the inequality at node 5, to obtairx; at
node 2.

The inequality at node 10 implies a second clauge v —x3 (not shown in Fig. 3) that
resolves withxs at node 11. But this clause can be neglected because it is not falsified by
variables fixed between nodes 10 and the root.
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Node 1
%
Node 2 Node 3
—X1 [%)
Node 4 Node 5 Node 6 Node 7
—X1 V —X2 2X1 4+ 5%2 — X3 > 3 (@) —Xo 2X1 4+ 5% — X3 > 3 (@)
\ (x2) (X2)
Node 9 \
—X1+X2+4x3 24 (b) Node 11
Node 8 (x3) —X1 + X2+ 4x3 > 4 (b)
—7X1 — 5% — 3x3 > —14 (X3)
(=X1 V =Xz V —X3) Node 10
—7X1 — 5X2 — 3X3 > -7
(X2 V —X3)

Figure 3. Construction of a proof of z 8. The violated constraint at each leaf node is shown, along with a
falsified clause it implies. Resolvents are shown at the nonleaf nodes.

Because the clauses inferred at the leaf nodes are falsified by the fixed variables, the enu-
meration tree proves they are unsatisfiable. So there is a resolution proof of unsatisfiability.
In this case, the empty clause is generated below the root, at node 3.

The three principles (S1)-(S3) cited earlier for carrying out sensitivity analysis are readily
applied to this 0-1 programming example.

(S1) Because constraint (c) is associated with no leaf node in Fig. 3, it is redundant and
can be dropped without changing the optimal solution.

(S2) Constraint (a) is associated with leaf nodes 5 and 7. BatandMy- are the singleton
clausex,, and so one can s&d(C) = {5}.

i) Constraint (a) can be altered in any fashion such that it continues to xppiy1,
without reducing the optimal value. Forinstance, the right-hand side can be reduced
to any number greater than 2 and increased arbitrarily. The coefficieqataan
changed arbitrarily (if the inequality becomes infeasible, it impkgas well as
any other clause). The coefficientxafcan be increased to any number less than 3
and reduced arbitrarily, and so forth. Constraint (b) can be similarly analyzed. It
is not hard to write general procedures for this.
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i) Suppose the right-hand side of constraint (a) is raised to 5. Of the two feasible
nodes 8 and 10, (a) is now violated at 10. The new optimal value is therefore at
leastzg = 15.

(S3) Suppose constraint (a) is weakened by changing ixter5bx, — X3 > 2, so that it no
longer impliesx; (I’ = {5}). Constraint (a) of course remains unviolated at the feasible
nodes 8 and 10l (= {8, 10}). So the optimal value is at least

min {min{zg, 10}, z5} = 0,

wherezg = min{7x; + 5x2 4+ 3x3 | =X} = 0. In this case no useful bound is obtained.
Constraint (b) can be similarly analyzed.

7. Practical Considerations

The style of sensitivity analysis proposed here must be adapted to the problem context. The
interests of practitioners should guide which questions are asked, and these questions should
guide the type of perturbations that are studied. Even in classical linear programming,
sensitivity analysis can provide information that is too complex and voluminous to be
assimilated. One must take care to highlight the results that are intelligible and relevant.
At this point it is impossible to predict the problem classes in which inference duality can
yield useful sensitivity results. Only practical trials can resolve this issue.

One possible impediment to the interpretation of sensitivity analysis is “massive degen-
eracy.” There may be a large number of dual solutions, each giving rise to a different
sensitivity analysis. Fortunately, a single dual solution can show a constraintutgirbe
portant For instance, if a constraint is redundant in one dual solution, then it is redundant
simpliciter, in the sense that it can be dropped without changing the solution. Or if one dual
solution yields an upper bound on the effect of a problem alteration, this bound is valid in
general. But to establish categorically that a constraimhgortant one must show that it
is important in all dual solutions.

The effects of degeneracy can be ameliorated somewhat. Degeneracy has two sources:
many different search trees arrive at the same optimal value, and a given search tree can
be analyzed in many different ways. The first source must be accepted, because it is
usually impractical to solve a problem more than once. However, if the role of a few
particular constraints are of interest, the search tree can be analyzed with this in mind. These
constraints should be avoided, whenever possible, when associating violated constraints
with leaf nodes. More generally, the multivalent clauses derived from violated constraints
should be as weak as possible. Ultimately, however, degeneracy must be viewed as inherent
in the nature of things rather than an artifact of the analysis. It is often an unavoidable fact
that different rationales can be given for an optimal solution, each drawing on different
information in the constraint set.

Although the results presented here apply only to problems that are solved by tree search,
it is rare that a (verified) optimal solution is found by other means in discrete problems.
As noted earlier, the analysis can be modified to accommodate tree searches that use such
devices as bounding and relaxations to prune the tree.
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It is also common for applications to require both discrete and continuous variables. It
is an interesting research issue as to how the classical methods for continuous sensitivity
analysis may be combined with the discrete methods presented here.

Notes

1. Quine’s method, sometimes called consensus, was actually for formulas in disjunctive normal form, but it is
easily dualized to treat conjunctive normal form.
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